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The present edition of this book is issued tinder very 
favorable auspices. Within nine months affcer tne first 
publication of this metnod, the ^ook has been adopted 
as a text-book in the School of Mines of Columbia 
CoLLEaE, the Thayer Civil ENOiNEEBiNa School 
of Dartmouth, the Towne Science School of the 
Univebsity of Pennsylvania, the Civil Engineeb- 
iNO Depabtment of the College of the City of 
Kew Yobk, and the Wobcesteb Fbee Institute of 
Mass. Tliis demand, which the remaining copies of the 
old edition could not supply, makes it necessary to issue 
a new edition a little earlier than expected. 

Advantage has been taken of this to make such im- 
provements as were possible with stereotyped pages. 
Better paper and press work have been procured, and a 
few typographical errors have been corrected. The dia- 
grams of the earlier pages were at a critical x>6riod, to 
save time, photographed from the manuscript, where they 
were sketched and lettered with an ordinary writing pen, 
and not in the shape intended for publication. This, 
however, cannot be deemed so great a fault in the delin- 
eation of earthwork. Also the abbreviations of a few 
frequently-occurring words extended from the cooy to 
the print. 

The opportunity has also been made use of to present 
such additional suggestions upon the method as occurred 
to the author and others after a careful review of the 
work ; and to include the new formula for ascertaining 
the centres of gravity of solids, published by the author 
in Van Nostrand's Magazine, July, 1877, with its applica- 
tion to finding, accurately and quickly, the average haul 
of earthwork. The question of finding the average haul 
is so intimately connected with that of finding the quan- 
tities of earthwork, that its discussion should never be 
omitted in treatises on earthwork calcolation. 
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It is considered unuecessary in writing this preface to 
introduce formally, as was done in the preface to first 
edition, the prominent features of the method. This has 
beien concentrated into a table of contents. It may be 
said : This book was written by a practical man for prac- 
tical men. That it has passed successfully through the 
hands of distinguished mathematicians and professors of 
engineering, is a sign that the formulsB, designedly prac- 
tical, are also, what is claimed for them, perfectly ac- 
curate. The whole idea of the method is to obtain a 
single rule for calculating in one series, and therefore, 
in one operation, every possible cut or fill, regardless of 
differences in length and cross-sectional shapes of com- 
ponent volumes. This allows the elimination, from the ex- 
pression for content of each cross-section or volume, of all 
the common values, leaving, for ordinary three-level 
ground, no work but to find a single product for each vol- 
ume and one product more, for more irregular ground, ad- 
ditional products for the additional irregularity, and, fin- 
ally, the use once for all of each common value. This idea, 
it is believed, has been successfully realized. The short 
ening of labor is more than would be imagined without a 
trial, and is well worthy a comparison — ^as has been made 
in the note at the end of the book — with that obtained by 
using tables. The author has no particular theory to sus- 
tain He has taken the facts as he found them, although 
they might ruin a pretty, preconceived formula. In 
every case he has made his formulae fit the ground : he 
has not required the ground to fit his formulae. 

Irregular volumes, it is believed, have never before 
been so carefully discussed and correctly formularized. 
GUie result of the prismoidal rule, is for the first time, ob- 
tained by a simple correction, without calculating the 
mid-sections of these troublesome solids. An important 
error, consequent upon improper fixing of the fading ends 
of ridges and hollows, in volumes having more irregular- 
ity at one end than at the other, has been detected and 
brought within the limits of calculation. While the 
author has continually endeavored, in treating irregular 
as well as regular volumes, to systematize and abbreviate 
the computations, he has never allowed this to interfere 
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with the main design, which is to construct a perfectly 
correct role. The claim for the method is absolute aoct^ 
racy J joined with what brevity is shown to arise from the 
use of the resulting formulae. 

Finally, the author takes great pleasure in declaring 
his obligations to Gen. Francis L. Vinton, E.M., O.E., of 
Denver, Colorado, formerly of the School of Mines, 
Oolumbia College, who was among the first to appreciate 
wnat merit is in the book, and who was the first to place 
such confidence in it as to devote labor to the subject 
himself, and to start the method on its career in the 
world by bearing the expense of its first publication. 

For valuable suggestions and just criticisms, many 
other distinguished gentlemen have the hearty thanks of 
the 

AUTHOB. 

New York, October 1, 1877. 
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FORMULAE 



For the calculation of Railroad Excavation 

AND Embankment. 



TREATMENT OF INTERMEDIATE 

STATIONS. 



The manner of calculating regular cross-sections of 
excavation and embankment, contained by uniform 
slopes, has been reduced to formulae by many authors, 
representing the operation in concise form ; and these 
formulae, modified by the third dimension, length, have 
been moulded to express the content of a volume 
between two such sections, and even the bulk of a series, 
indefinitely extended, of such volumes, lying consecutive 
between cross-sections equi- distant, the width of road- 
way and rate of slope, of course, remaining the same 
throughout the whole length. We now propose to un- 
fold a method of computing by foriiiulsa the contents of 
a series uninterrupted by the presence of vols, liowever 
unequal in length, and show the advantage attending 
this plan, after revieving as briefly as possible the 
method now in use. 

The accompanying diagram represents the cross- 
section of a railroad cut, h being half the width of 
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ro&d-b«d, c oentre-beight, r elevation of riglit slope- 
stake above grade, r' its horizontal distance from near- 
est side of road-bed, \ elev. left alope^Btake, V its hori- 
Bontal dist. from nearest dde of road-bed, and vo the 
entire top-vidth or hnrizoutal dist. between Edope- 
stakes. The area of tliis section is evidently 
Jrfc-l-j;/.H-Jc(r'-H6)-|-ic{i'-|-6). 

r I 
IJet 8 denote the ratio of slope: then ^~~, — T,i ^•'^ 

r^Sr', l=!Sl'. Snbstilutiiig and reducing, 

Aita Section=^Sb(r' + V) + ^c{r'+l' + 2l>). 
Adding and subtrnoting SI'* do not change its value; 

.-. Area Sedion = ^8b{r'+f+2l)-8ly'-{-^c{r'+l'+2b), 

or as- Aita SKiion=^io{c+SO)~St^. 

Supposing w', c* to represent width and centre at next 
statioc], the area of its oross-section may be expressed 
by a formola similar to the above : half the snm of these, 
multiplied by dist., P, between, and divided by 27, gives 
a near approximate of the volume bet. in ou. yds. 

IS- Vol. = lwc+u>'&+8b(^+w')-iSI^T^- 
Add two consecutive volumes of equal length by 

meads of the general formula, to",c", representing the 

width and centre of third cross-section : 
Vd.=(uK+ %ufc' -J- «7"c" + SA(w + 2m/ -I- w/') - ^S^)-^. 
By ooutinnal addition we may get a foimnla for the 

sum of any number of consecutive volumes ; but, letting 

11 denote the number of vnlnuies, we mny at ouce indite 

a general formula for the calcnlalion of any number of 

volumes consecutive. Thus we have 

I «Jc+2wj'c'-|-(fec.-(-2w„Cn-|-wi„+iCn+i ) D 
\ -I- 5i(t£'-|-2w' -I- (fee. -I- 2k>„ -!-«>„+,)— 4S6*ii ( 108' 

Divide and multiply by 2 to convert foimulu into 
more convenient shape, which now may be expressed 



ra.= 



■ Fb/. 



{mid-prods + J end-^ods. ) r, 
+ 8l>(m<<l-v.'idth8 + ^end-wld/J,s) [ -^. 
— '2S(/^ X no. (^' vvla. ) " 



Let ns illustmte this formula by applying; it to the 
following extract from a field book, ooutaining columns 
of stas , centre cuts, left and right heights and dists. of 
slope-stakes, the road-bed being 18 ft,, slope, 1 to 1, dist. 
apart of stas., 100 ft: 



Sta. 


Centbe. 




JiKVL'. 


BlQHT 


1 


3.0 




T*:+ 


T*:* 


2 


5.1 




Tf;f 


ri.i 


3 


6.4 




rf* 


rii 


4 


7-2 




Tf:+ 


rf* 


5 


9.0 




Hi 


rii 


6 


6.7 




Ti.i 


Tf:i 




OPEHATION. 




Sta. 


Widths. 


Gemthe. 


PitoDS. 


1 


11.55 


X 


3.0 = 


34.65 


2 


27.8 


X 


5.1 = 


: 141.78 


3 


31.5 


X 


6.4 = 


: 201.60 


4. 


34.1 


X 


7.2 = 


215.52 


5 


38.0 


X 


9.0 = 


. 342.00 


6 


15.85 
X 158.80 


X 


6.7 = 


106.195 


9otSb 


1071.745 










1429.2 










-810. 








< 

1 


9)169094.5 










6)18788.3 



3131.38 cu. yds. 

As stated in introductory paragraph, the method of 
combining consecutive vols, of equal leugth in series is 
common; but the formulsB used for this purpose are 
various. We have been able to find none more concise 
and fit for combination that those of this paper. For 
instance, as an example from a popular book, Mr. 
Heuck, to calculate above series, would use a tal>le of 
ten columns. [See example on page 105 of his Field 
Book.] Three of these are cols, of prods.; five cols, 
must be summed, the first one three separate times, 
omitting certain values in each addition, the second 
also three times, and the third twice, making iu effect 
ten cols, to be added. The work under the cols, is 
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proportionally long. In the formnlad of this paper the 
variables are reduced to two, the width and centre, and 
all the other yalaes, being constant, are eliminated from 
the calculation of each cross-section and used each 
once only in a series. 

Evidently by this method an entire cutting or bank 
cannot be considered in a single series, if it cont«ain one 
or more vols, of minor length, which not only interrupt 
the series, but must themselves be each calculated sing- 
ly. From this it would seem at the outset a great 
convenience to be able to compute the whole cut or fill 
in one operation, regardless of the no. of minor vols, or 
the variety in their lengths ; but the nature and extent 
of this advantage will become more clearly apparent as 
we discuss the manner of obtaining it. 

Let a represent the area of one end of a vol. whose 
length \b D ; let b represent the area of the other end, 



--J)--- 



l 



1)--" 



and c the area of an intermediate cross-section, distant 
D' from a. Then 

Vol.=^xJ9'+^x(Z)-Z>')=JZ)(6+c) + i2?'(a-f>). 



l>' 


cL 


c 



i 



Beprefienfing another intermediate bj d, we obtain in 
the same mauner for the vol. 



\D{h+c) + lD'{d^b)-^\D"{a^c). 
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Wr 



ur lit 



tv? ur' 




With third interm.. e, we have 



It is noticed that the first terms ot 'these formulse are 
identical, being in every case the prod, of half the 
entire length of vol. by sum of areas of last interm. and 
last end. The remaining terms we call the corrections 
for iuterms., each term being the correction for one 
interm., having for its coefficient the dist. of that interm. 
from first end, and for a quantity within the parenthesis 
the difference of sectional areas next one on each side. 
This arrangement of values remains unaltered, consid- 
ering any no. whatever of iuterms, 

Substituting in place of symbols a, b, c, c£c., in the 
expression for three interms. the formula for areas of 
railroad cross-sections, the positions of tv, w\ dkc^ mark- 
ed in diagram, the centres of same sections accompanied 
by corresponding strokes, and reducing, we obtain for 
content of vol. with three interms this expressiou: 

+/ w;'"V'"-w/V'-|-i8^6(t£;''"-w;") )^ 
The expression representing ordinary process is 
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I tm+w""c""+8l(n-+w"")-i81f j^ 
J ij,"/'c"" + tv"'c"' + 8b{w"" + tv'") - iSl? \ 



III 

108 

""108 
-J9" 



+1 to"c" + w'c' + /S'fcCi^;" + ?<;') - 4 Slf \ 



D-D' 



108 J 

These expressions contain each fonr priucipal terms : 
of the latter, each term includes the subtraction, —4^2^, 
while only one term of the former contains this sub- 
traction; and this term, having for coefficient the 
length of a full vol., Z>, we intend to combine in series 
with the other full vols, of out or fill, where this sub- 
traction will be eliminated from the term and supplied 
by the common subtraction of the series. Therefore, 
by this new method of calculating minor vols., the 
subtraction, — ^Bfi*, otherwise unavoidably present in the 
formula of each, is virtually eliminated from all. Again, 
three terms of the former contain the differences of 
sectional prods, and widths, instead of the sums, a very 
important feature of brevity in favor of that expression. 
Furthermore, for coefficients the first expression has 
2), the length of full vol., always 100 ft. or some other 
easy factor, and Z)', D'\ 2)"', the actual dists. of interms. 
as recorded in field-book ; whereas the latter has only 
one coefficient as noted, the other three being found by 
subtraction. These points of brevity belong to this 
method when treating a vol. with single interm., but in- 
crease in value \vith the number of interms. 

As lately remarked, the first term, whose coefficient 
is Dy we shall include with the general series, leaving 
the remaining terms to serve as a correction. This 
term, as before shown, is the same whatever be the 
number of interms., always being similar to the formula 
for the whole vol. except that the prod, and width of 
last interm. are used instead of those of first end. The 
formulse of correction may be reduced to the following 

BuLE OF GOB. for any no. of interms., being the amt.in 
cu. yds. to be added to the content found by areas of last 
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interm. and last end, multiplied by half the length of 
entire vol., to find the true content of b vol. which has 
any no. of intermediate cross-sections. 

Multiply the dist. of each interm, from first end by the 
sum of these tioo differ enoes^ viz: tJie differ efrwe of the 
prod, of the section next hefore and the prod, of the section 
next foUotvingy and the difference of the sectional width next 
before arid mdth of the next section foUotving, tJie loiter 
difference multiplied by Sb. Divide oB by 108. 

Now, it is clear that to calculate the contents of a cut 
or fill we may regard it as having full stas. only, and 
use the original rule for solution, with the exception 
that Yols. containing interms. must be calculated by 
means of last interm. and last end cross-sections instead 
of by end areas ; and afterward apply the rule of cor. 
for interms. just enunciated. It only remains, then, to 
reconstruct the original rule so as to provide for the 
above-mentioned exception to the former plan, when 
we shall have a guide to a very simple and uniform 
method of calculating the contents of a cut or fill. 

If the first vol. of cut or fill contain interms., by the 
foregoing exception we disregard the width and prod, 
of first cross-section and use instead those of last interm.: 
but, if interms. occur in a middle vol., half whose first 
end-section belongs to the vol. next before, we omit 
half only of its prod, and width, and use instead those 
of last interm. This being the only alteration in the 
original formula for series of equal-lengthed vols., we 
shall now restate it, including the exception for interm. 
sections. 

BuLE for a near approx. calculation of the entire 
contents of a cut or fill bet. end full s.as. 

Add all the midwidtlis, except those followed by interms., 
of which add the half-ioidths increased by the half-widths 
of last interms. Add to this sum the half -width of last end- 
section; and the half-width of first end-section, except it be 
followed by interms., in which case omit it and add instead 
the half-ividth of last interm.' MuUiplj this sum by Sb 

Add to the above the futl prods, of sections tohere full 
widths have been used, half -prods, tohere half-tvidths hnve 
been used, and no prods, tohere no toidtJis have been used. 
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From this entire sum subtract 2 81^ multiplied by the no. 
of vols. bet. ftiU stas. Mtdtiply remainder by dist. bet, 
consecutive fvU staB*^ and divide by 64. 

Ajyply the rule of oor. for interms. 



Let us apply this rule to the following extract from 
field-book, where the fall stas. are 100 ft. apart, the 
slope 1 to 1, and roadbed 18 ft. wide. 



Sta. 


Centbe. 


Left. 


BiauT. 


1 


4.1 


T*:* 


Ti* 


+ 40 


6.2 


T*.* 


T*:* 


2 


5.4 


Tf:+ 


T*:* 


3 


5.9 


Tf:i 


Til 


4 


6.3 


T*:t 


•ri:* 


+ 27 


4.5 


Ti:-f 


-rf:* 


+ 74 


7.2 


T*:f 


T*:* 


+ 88 


7.6 


ri.i 


T*:* 


5 


7.0 


T*:-f 


T*:* 


6 


8.0 


T*:t 


Tt:+ 


7 


8.6 


Tf:-f 


■rf.i 


+ 19 


7.7 


Tii 


tI:* 


+ 60 


7.4 


ri:% 


Ti:+ 


8 


6.9 


T*:* 


Tf:4 


+ 25 


6.8 


Ti.i 


T*:* 


+ 75 


6.0 


T*:f 


■rf:* 


9 


5.1 


T*:* 


T*:+ 


10 


4.8 


■ri:+ 


*.» 
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Sta. 


Widths. 


Cen. 
4.1 


Pbods. 


COEREOTION. 


1 




24.8 




101.68 




+ 40 


13.75 




5.2 


71.5 




- 2902 


2 


27.6 


27.6 


5.4 


149.04 


149.04 




3 


28.7 




5.9 


169.33 






4 


15.0 


30.0 


6.3 


94.5 


189.0 




+ 27 




27.2 


4.5 




122.4 


- 1516 


+ 74 




31.8 


7.2 




228.96 


-12996 


+ 88 


16.35 


32.7 


7.6 


124.26 


248.52 


+ 700 





31.7 


31.7 


7.0 


221.9 


221.9 




6 


34.0 




8.0 


272.0 






7 


17.7 


35.4 


8.G 


152.22 


304.44 




+ 19 




33.2 


7.7 




255.64 


+ 2209 


+ 60 


15.45 


30.9 


7.4 


114.33 


228 66 


+ 2521 


8 


15.85 


31.7 


6.9 


109.365 


218.73 




+ 25 




31.9 


6.8 




216.92 


+ 2363 


+ 76 


13.65 


27.3 


6.0 


81.9 


163.8 


+ 11358 


9 


25.1 


25.1 


5.1 


128.01 


128.01 




10 


11.55 




4.8 


55.44 








266.4 




1743.795 


-17414 




2397.6 




+ 19051 




-1458, 




+ 1637 




+ 8.185 








9)269158.0 












. 6 


1)29906.4 







4984.4 cu. yds. 
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Mode of Operation. 

Make col. of stas. and interms. as in field-boob. 
Opposite under word Widths make two cols., the second 
of full widths to be used for cor., the first of widths and 
half widths according to rule. The rule of cor. for 
interms. considers full widths only ; therefore, since the 
first col. may contain either fall or half widths, it is 
convenient to fill a second col. solely with full widths, 
where required, especially for the cor., the places where 
thehe full widths are necessary being the sections next 
one on each side of each interm. The first col. has, 
according to rule, entire widths at mid stas. and half- 
widths at end stas., with the exception that, if the first 
sta. be followed by interms., the half width of last 
interm. is used instead, and, if a mid sta. be followed by 
interms., half only of its width is used, and in place of 
the other half is used the half width of last i^term. 
section. These cols, are formed together by adding 
mentally from field-book, setting down the widths and 
half widths in each col. as required. But where so 
many interms. occur as in this example it is more 
convenient, perhaps, to fill the second col. completely, 
since it must be nearly filled as it is, and afterward 
transfer the widths and half widths to first col. Next 
under word Pbods. construct two cols., each containing 
the prods, of centres by the values in corresponding col. 
of widths. Both these cols, are also formed at once by 
multiplying each centre by most convenient number 
opposite in cols, of widths, setting prod, in corresponding 
col. of prods., and multiplying or dividing by 2, merelj' 
transfeiTing or entirely omitting, as the case may be, to 
find the prod, for the other col. Add the first col. of 
widths and the first col. of prods., as before. For the 
cor., multiply the dist. of each interm. from next full sta. 
before by the dif. of prods, in second col., one on each 
side of interm., added to 9 times [=^Sb'] the dif. of 
widths, one on each side of interm. in second col. of 
widths, always subtracting the lower from the upper, 
using the consequent plus or minus sign, and setting 
result in col. of corrections. Since this col. must be 
divided by 108, it is unnecessary to consider decimals : 
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for, assuming the decimals to average half a unit each, 
216 interms. must be present in a cut to make the sum 
of these fractions amount to 108 units, and this is merely 
equivalent to 1 cu. yd. Moreover, as these corrections 
have opposite signs, a far greater no. of interms. would 
be required to make a dif. of a cu. yd. by their decimals. 
For first interm., add (101.68-149.04), or -47.36, to 
(24.8-27.6) X 9, or -2.8x9, or -25.2. The sum is 
-72.56: this multiplied by 40 'm -2902. For interm. 
at sta. 4+88, we have 228.96-221.9+9 x (31.8-31.7) 
= 7.96. 7.96 x 88 = 700. Instead of dividing total cor., 
1637, by 108, transfer half to results under col. of prods., 
which have for a divisor 54; but, since these results 
must be multiplied by 100, move the decimal point of 
correcting quantity two places to the left. 

Concerning the brevity of this metliod, we have already 
demonstrated its advantages when applied to single vols, 
with interm. cross-sections ; andx>f course all the advan- 
tages of the parts are collectively the advantage of the 
whole system, when used to calculate in one series the 
entire cut or fill, over the old method of dividing into 
several series and many single vols. But there are 
besides those already discussed, certain merits peculiar 
to the system as a whole that were not noticeable while 
considering the single vols, alone. These merits consist 
rather in avoiding several disadvantages, which in the 
old method are unavoidable. 

Thus, by the old method, the work being computed 
in separate series and single vols., the end sections of 
these series and vols., except the first and last cross- 
sections of cut, are common each to two series or vols., 
and must each accordingly be included in the calculations 
of both ; so that to estimate a cut or bank containing 
numerous interms. necessarily the prods, and widths of 
many cross-sections must be treated twice. 

Again, it is evident by the mere mention that a 
system of numerous separate series and vols., the 
quantities of each by itself to be added and modified 
by the common factors of the series or vol., the final 
results of all again to be combined, necessitates the 
employment of more time and greater space than does 
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this method of compacting all the quantities in one set of 
cols., once to be added, and once only to be modified by 
the factors common to all. 

It is likewise as evident that this method of calcula- 
ting an entire cut or bank in one concise table is more 
neat, scientific and convenient than the ordinary manner 
of separate calculation ; and that it is therefore al&^o 
more fit in shape to preserve these calculations. 

For these reasons, illustrating the advantages of 
brevity and convenience, we advocate the practice of 
this system of calculation, wherein all the full vols., 
whether pure or containing intermediate cross-sections, 
are computed together by one rule, and all the inter- 
mediates by one correction. 

The va.lue of these points of brevity, stated here in 
the abstract, will be fully appreciated if the above 
example be examined with this regard. Without using 
the plan of including interms. hardly any of the advan- 
tage of combining vols, can be gained, because scarcely 
two together of the example have equal lenf^th. The 
first vol., 40 feet long, must be considered alone, its 
widths and prods, separately added, the former sum 
mutiplied by 8b, then added to the latter, a subtraction 
made, and finally the result must be multiplied by 
40. In fact, nearly all the work under the cols, of the 
example as solved by corrections must be done for that 
single vol. The same is true of the next vol, 60 ft. long. 
The next two vols, may be calculated together, the fol- 
lowing four singly, the next two together, and all the 
rest singly, making fifteen separate operations to be 
performed, each containing all the elements of the whole 
example. Again, the cross- section at sta. l+^o must be 
used to find the content of first vol. ; it must also be 
used in another calculation for the second vol. The 
section of sta. 2 must be used with second vol., and also 
with the following series. Sta. 8 need be nsed but 
once. With the exception of the first and last stas. 
always, and in this case of stas. 3 and 6, every sec- 
tion must be used twice. This alone requires 14 
extra lines. And, since the calculation thus oon- 
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Bists of 15 distinct operations, each requiring for the 
sum of its prods, one line, a second for sum of widths, 
a third for the subtraction, a fourth for the sum of these 
three, and a fifth and sixth to find the prod, of this sum 
by length of vol., there must be 15 X 6, or 90, lines to 
accommodate the operations under the cols., instead of 
the 7 of our illustration. This is an addition of 83 
lines, which with the other 14 make, besides the proba- 
ble intervals between the different operations, the last 
a consumption of space not time, 97 extra lines for the 
calculation. After all this the results of the single vols, 
must be added and the sum divided by 108 to find the 
cu. yds., and the sum of the results of the different series 
must be divided by'54, the last two sums finally com- 
bined to make the answer, this summing of results being 
equal in space to a coL of our illustration. The relative 
amounts of actual figuring are fhna perceived. 

Of the method by correction the extra col. of widths 
and that of prods., although increasing the apparent 
bulk of the operation, contain no real extra labor except 
the mere writing of the numbers ; for, whether to find 
the full or half widths of sections for first col, the full 
widths must of course be first found, and we have only 
to set these in the second col. where required. In cols, 
of prods, the full prods., half prods, and blank spaces 
occupy positions corresponding with the full and half 
widths and blank spaces of the cols, of widths, requiring 
a mere transfer from one col. of prods, to the other, or 
at most simply a doubling or halving of values. 

By the old method as many operations must be per- 
formed, with a dist. less than 100 ft. as a factor, as there 
are minor vols., 12 in this example : by the correcting 
method a dist. less than 100 ft. is used as many times 
only as there are interm. stas., 8. 

Begarding the differences of widths and prods., used 
in the new method, opposed to the sums of these, as 
used in the old, let us examine the example. Subtract- 
ing one width in the second col. of widths from 
the second above, in every instance cancels the 
figure of the tens place, leaving only a figure in the 
units place, with generally the decimal; while some- 
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times, as for the jnterm. 4+88, where 31.7 is taken from 
31.8, both the figures of tens and units places are 
removed. But to add two widths gives a far more 
considerable number to use as a factor. Differences in 
the col. of prods, in almost every case lose the figure 
of hundreds place, and occasionally of the tens place 
also, as for interm. 4+88. The sum of two prods, is a 
much more troublesome number to use. 
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CORRECTION OF APPROXIMATION. 



The foregoiug method of calculating earthwork is 
approximate. To find the true contents we use a for- 
mula of correction, which is obtained in the following 
manner. It is well known that the exact content of a 
voL of earthwork is obtained by use of the prismoidal 
formula, whether the ground be a right plane, or the 
more general hyperbolic paraboloid or warped surface. 
That is, to find true content add to the sum of end areas 
four times the area of a cross-section midway bet. ends, 
and multiply sum by i the length of vol. Let 

^w{c+8b)-8U', hi(y{c'+8h)Sff 

be the end areas of a vol. of earthwork. Then ^ (ta+w% 
i(c+c') are evideiitly the width and centre of mid-sec- 
tion, and its area is 



Ic + c' V 



Multiply this by 4, add thereto the end areas, multiply 
all by i Z>, and divide by 27, to obtain in cu. yds. 

Truevol.^\^ +QSb{w+vy)-128U' I'm: 

This formula would prove very unwieldy to carry 
through the calculations for series of vols., especially in 
the consideration of interm. stas. The same results 
may be obtained in a simpler manner by using the dif. 
bet. true and approx. contents as a correction. Sub- 
tracting the approx. vol., 

{wc + w'd + 8b{w + v/) - 4/S62 )-r§Y, 

from the true, we have for the error or correction 
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Of* 

324 824 

The advantages of using a separate correcting formula 
are the following: 

If it be desired to make only a hasfy approx. estimate, 
w# have a short method by the approx. formula ; whereas, 
w^re the table of operations constructed upon the pris- 
moidal formula, a great amount of unnecessary work 
would be unavoidable. 

Even if the true oonteuts be required, it is found by 
trial to be much easier to approximate fiist and after- 
ward correct than to use the exact formula at once. 
Thus, to find true content of single vol., we may use the 
approx. formula and afterward the correction in its sim- 
plified form on the right ; but to combine these the cor. 
must be augmented to the difficult shape on the left in 
order to be taken into the parenthesis. The dif. of labor 
is still greater in the combinations of vols. 

Another very excellent advantage is the facility with 
which, by means of the correcting formula, it may be at 
once determined whether a cor. is required at all or not, 
thus frequently saving much unnecessary labor. Siip- 
posing the widths of end-sections to be equals we see 
immediately by the correcting formula, 

that the cor. is nothing, while the pris. formula requires 
as much labor for this case as for any other. The cor. 
would also be nothing if the centres were equal. Again, 
supposing the centres to vary by one-tenth [0.1], the 
length of vol. being 100 ft., the widths must vary by 
32.4 ft., scarcely a possibility, to make an error of 1 cu. 
yd. : of a vol. 50 ft. long they must vary 64.8 ft. Hence 
it is seen that, where the widths or centres of a vol. 
vary by a few tenths only, the cor is immaterial. Now, 
since in any series geneially from ^ to ^ of the vols, 
jjeed no cor., we are able to achieve a correct result 
within a very small fraction with comparatively little 
work by the aid of this metliod of selection, as will be 
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shown in oon'ecting the last example of approximate 
work. 

Another inference to be drawn from the correcting 
formula is that, where the width and centre of one sec- 
tion are both greater than those of the next, the cor. is 
a minus quantity ; where one measurement is greater 
and the other less, the cor. is plus : and, since, when 
one measurement is greater, the other is likely to be so 
too, the approximation of earthwork by end areas i8 
generally au over-estimate. 

We see by the formula that to correct a vol. the dif. 
of widths, fonud by a subtraction in one direction, must 
be multiplied by the dif. of centres, resulting from a 
subtraction in the opposite direction, this prod, multi- 
plied by the length of vol. and divided by 324. Apply- 
ing this rule to the second vol. of first example, we have 
toidth at sta. 2 [27. 8] --toidth at sta. 3 [31.5] = -3.7: 
centre sta. 3 [6.4] -^centre sta. 2 [5.1] =1.3. —3.7 x +1.8 
X 100 =—481. Set this in an extra col. Treat each 
vol. in like manner, remembering first and last numbers 
in col. of widths are half widths. We here represent 

- the col. of corrections of first example. The 

PRis. COR , sum, —3827, divided by 324,is - 11.81 cu. yds. 

— 987 This added to the approx. result yields for 

— 481 t|,e true answer 3119.56 cu. yds. In the sec- 

— 702 ^"^ example the dif. of widths of first vol., 

— 1449 "^y subtraction downwards, is —2.7, of cen- 
12)3827 ^^®®' ^y subtraction upwards, is +1.1. —2.7 

9)319 X -h 1.1 X 40 = — 119. The cor. of second vol. 
3)35 4 ^® instantly discover to be inconsiderable^ 
_ jY^j Qqj.^ because the dif. of widths 

313l!37 Approx. con'ts. is only one tenth. This 
3119.o6 True con'ts. cor., if calculated, is found 

to be no more than -rrf^ of 
a cu. yd. Bpt. sta. 4-1-74 and sta. 5 the corrections are 
too small to be considered, because its vols, are short 
and the centres differ by a few tenths only. In this 
example 8 vols., of the total 17, need no cor., a fact 
discoverable by the formula without actual labor. The 
error of the 8 vols, is altogether only | of a cu. yd. 



I INTERMS 



PRISMUTDAL. 
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At the expense of | of a cu. yd. more, Correotions. 

the cor. of 4 other vols, may be dispensed 

with. So, using the correcting formula, 

we may take as little trouble ns we 

please, or, on the other hand, attain as 

perfect a result as desired. 

Instead of dividing the sum of this 
col., —1504, by 324, move the decimal 
point two pLices to the left, and, di- 
viding by 6, place the result with those 
under col. of prods, as was done with 
I he sum of corrections for interm. stas. 
The cor. of first example may be like- 
wise treated. 

Decimals need not appear in the col. 
of pris. cor, for the same reason that 
affects the decimals in the coL of cor- 
rections for interms. 



- 119 


- 55 

- 52 

- 136 

- 584 



- 230 

- 84 







- BO 

12)1504 



9)125 

3)14 

Correction = — 4.7 

Approx. con'ts =4984.4 

True con'ts=4979.7 



25 



LEVEL SECTIONS. 






The surface line of a cross-section may be nnbroten 
at centre stake, as shown in first diagram ; and for this 
case some authors construct especial formulae, using the 
symbols of side-heights instead of centre. But such form- 
ulae require greatly more labor than those which use the 
centre height; and since the lust is always known, and 
the section itself is susceptible of division into the four 
trial) gles upon which the formulae of this paper are 
based, there is no need to consider this an especial case. 
But if the surface be level, as frequently occurs in long 
stretches of river bottom and prairie lands, all the for- 
mulae may be appreciably reduced. Thus for the area, 
substituting in the formula 



iw{c+8h)''8li' 



2g 



the value of to in terms of c, [t^=26+--r,] and denoting 

o 

for convenience the entire road-width by J5, we obtain 

Levd area=Bc + -^ , 

/ 1 \^ 
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or 

'N 



N vols. = I 5(c + 2c' + dte.) + - (c* + 2c'^ + dtc.) j— , 

{B{mid'Centr€8+^ end-centres) | 2> 
^(mtd-ce?i^rft?* + J end-centred) \ 27 ' 



5^ 
Prw. cor.= — y^ff(c— c')^. 

Let ns illastiate by the following example, found on 
page 99 of Heuck's Field Book, where 5=28, i=f, 
and the centres as recorded iu col. headed c, except 
£1*81. and last, which in agreement with the formula are 
halved : 

Sta. c (? (c-df 






1 


2 




1 


4 


16 


4 


2 


7 


49 


9 


3 


C 


3() 


1 


4 


10 


100 


16 


5 


7 


49 


9 


6 


6 


3() 


I 


7 


2 


8 


4 




43 


296 


44 




28 


- n 




• 


1204 


288§xl 

433 
1204 

9 163700. 
3 18188.9 


• 






6063. cu. 


yds. 



This table of calculations for level sections is identi- 
cal with Henek's and otliers' in cols, headed c and c', 
but differs from all others in last col., which Henck fills 
with prods, of each pair of cousecuTiive centres. The 
difference arises from the use here of the correcting 
formula instead of the exact expression for the whole 
contents at once : and the advantages attending the use 
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of tiie separate cor. are th« same for level sections as 
for the others. Thus, although tlie example above is 
too simple to show a marked diiference, it may readily 
be conceived how it is far easier to get the difference 
between two consecutive centres, frequently having a 
very small remainder and with fewer digits, and square 
this, than to find the prod, of the same. In proof of 
this we may point ont the fact that, while the sum of 
the last col. as above is only 44, the sum of the last ool. 
by Henck's method for the same example is 274, results 
indicating directly the comparative bulks of operations 
necessary to fill the respective cols. 

It is noticed that the cor. embraced by this col. is al- 
ways a minus quantity for level sections. The divisor 
of the sum is 6 times as great as the divisor of the next 
col. ; wherefore, divide the cor. by 6, setting quotient as 
obtained under next col., subtract, divide by 8 [=J], 
add in the prod, of B [=28] by sum of 2d col., and for 
cu. yds. divide by 27. When 8=^1, we need simply add 
296,— 7 J and 1204. Heuck used the value f for i in 
this example because it makes his formula easier. 

Intermediate stas. rarely occur on level ground, and 
more rarely would they happen to be level also, so the 
cor. for interms. need not be reconsidered, though if re- 
quired it can easily be constructed and applied. 

Of coui'se, where but several level-sections occur in a 
cut it is not advantageous to alter the mode of calcula- 
tion or remove them from the general tables,^where 
they are as correctly treated as the rest ; but> where 
many such sections follow each other consecutively, the 
method last discussed is a sensible improvement upon 
the former. 
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IRREGULAR CROSS-SECTIONS. 



Over very uneyen ground cross-sections of eai*tbwork 
must necessarily be ezceediDgly irreg.; and such, it is 
seen, must interrupt the series of vols, in which they oc- 
cur, so that by the formulas already established no entire 
cut or fill, containing one or more irreg. sections, can be 
calcuLited in one operation. As far as we have seen, 
no formulsB have been constructed for this class of sec- 
tions, mere hints being given for their convenient com- 
putation, aSy regarding the dingram, to find areas of 
trapezoids, r u u' r\ u u' f t, (£c., and subtract from 




their sum the outside triangles, r r' r", I V Z", or, di- 
viding into triangles, to solve r r' w', I V jo', singly, 
and in pairs all the other triangles, as r « tt'+M w' ^=^ 
uu'xV r', cfec, subtracting outside triangles from the 
sum. We submit the following demonstrations, whose 
object is to combine vols, bounded by irrr^. sections 
in the same series with the reg. 

In the accompanying diagiamis represented the right 



I 








portion of an irreg. section of one " break,*' the broken 
surface line being above the straight line drawu from 
the surface at centre to top of slope, the latter whowing 
the surface line of an imaginary reg. section of same 
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base, centre and slope. The area of a whole reg. sec- 
tion is 

of light portion, letting x represent width, 

Adding to the latter area the triangle above the reg. 
portion, we have the area of the irreg. section. Let m. 
be the height of vertex of break above grade, m' its dist. 
from centre. Draw a line from top of slope parallel to 
base, making a triangle with line to top of centre and 
with the excess of centre height over slope elev.; also a 
smaller similar triangle, having for a base part of m 
denoted by a. From these triangles we derive 



X : x^m' : : c—r : a . .*. a = 



^{x — m')(c— 7*) 



X 



The part of m below the horizontal line is equal to r ; 
therefore, subtracting r+a from m we have the portion 
of m included in the upper triangle, which multiplied 
by kx is the area of that triangle. 

Area tnangle=\x{m—c)+^m'{c-^r). 

Adding to the reg. portion of section, we have 

Area right 8ection=^x{m-{- 8b)-{-\m'{c—r)—'^8^f, 

If the break be below instead of above the surface 
line of reg. section, the 

Area trtavgle=ix{c ^m) + •J^m'(r — c) ; 

but in this case its area must be subtracted from the 
area of reg. section. Changing the signs, therefore, we 
have the same formula to add to the formula for reg. 
section as before. Hence, in all cases, the formula given 
above for the area of right-section remains true, whether 
the break be above or below surface line of reg. section, 
and, as may also be proven, whether the slope be 
higher or lower than centre. 

Consider the diagram repre^^enting a right-sectiou 

— I 
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with two breaks, cmnr is the Burface line, c r the top 
line of reg. section. Draw c n. As witli last diagram. 

Area triangle cnr^ ix{n — c) + -^^'(0— r), 

Area triangle cmn^in'(c—m)+ im'{n — c) 

If to the formula for reg. part of section the first 
triangle be added and the second subtracted, 

Area rigU 8edum= \ ^^J^^Jf^^tryL^Stf \ ' 

This formula represents any form of right-section con- 
taining two breaks. 

The formula for three breaks, p being the height of 
third from centre, and p* its dist. theiefrom, is similarly 
found to be 

and we see that to find the area of a side-section with 
any no. of breaks we have only to use the height of last 
bieak from centre instead of centre height in the forma- 
la for a reg. section, aud afterward add one-half the 
prod, of the dist. of each break from centre by the dif. 
in height of the breaks next one on each side, the one 
farther from centre, on surface line, always being sub- 
tracted from the one nearer. The same being true of 
the other side section, we have this 

Rule to find the area of an irreg. section : 

Multiply one-half each side-width by the height of hat 
bfeak on that side added to Sb. To tlve sum add on^-halj 
the prod, of the dist. of each break from centre by the dif. in 
elev, of the breaks next one on each side, always svhtracting 
the one farther from centre from the one nearer. Subtract 
8V. 

This method of calculating irreg. sections is similar 
in piinciple to the mauuer of treating interm. stas., 
before described, the dist. of each break from centre 
being multiplied by the dif. of heights of breaks next 
one on each side ; and some of the merits of the plan 
are still perceivable in its latter application. For an 
irreg. section of five breaks, as illustrated in first dia- 
gram, by the rule just given seven prods, must be 
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found, not so difficult as the seyen trapezoids of the old 
method, and instead of finding the areas of the outside 
triangles and subtracting them, we have only to deduct 
the constant quantity St^. When combined in series 
with reg. vols, this subtraction is eliminated, as also the 
factor Sh, making the process still simpler. 

But it is not to the simplification of the treatment of 
a single section, which must be confessed is compara- 
tively not great in case of the irreg. section, that we 
now tend, but to the construction of a formula for such 
sections that may be joined with the formulas for the 
reg., in order to avoid the inconvenience of dividing a 
bank or cut, having one or more irreg. sections, into 
separated portions, each to be considered alone, and 
afterward treating singly the vol. on each side of every 
irr^. section. To obtain this formula, let v represent 
the left side- width of an irreg. section, m the height of 
a single break on that side, m' its dist. from centre ; on 
the right let n and p represent the breaks. 

Area ) { L^t=^v(m+8b) + ^m'{c^l)-}jSl^) 

Alteiing the shape of this expression, remembering that 
w=v+Xf we have 



Area irreg. 6ection=^8bw-^^ 



Prods. 
vm+xp 

n^{c^p) 
pf{n^r) 



^81?. 



Area reg. 8ecti(m=\8bw+\ [ t^ ] — /SS*. 

It is noticed that the first and last terms of the respect- 
ive formulsB are identical, and that the second occur in 
the same col., which may be headed Prods. Therefore, 

Area any section =^{8bw+ Prods.) ^81^, 

which formula may be carried with perfect facility 
through all the combinations discussed in former part 
of this paper, the only distinction bet. reg. and irreg. 
sections, as represented by their formulae, beiug in the 
definition of the word Prod., wldch for the former means 
the prod, of centre by vndth^ and for the latter the sum of 
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prods., each found by multiplying the dist. of a break by dif. 
o/ height of tioo adjacent bi^eaks. [In case of prods, vm, 
Qcp tbe same rule applies, siuce the top of slope may be 
considered a break distant by v or x, tbe next break nearer 
m or p, and, no break being beyond, this may be consi- 
dered zero, whence we have, agreeing with rule, v (w— 0), 
a:(p-0).] 

Therefore, the rule given for series of vols., as well as 
the rule for interm. stas., is perfectly applicable to iiTeg. 
vols. ; and in the table of operations the widths of both 
fill col. of Widths to be multiplied, together, by com- 
mon factor Sb, the prods, of both fill col. of Prods, to 
be added together, and finally the common subtraction, 
^Sh^y is made once for both, as will shortly be illus- 
trated bv an example. 

There is another class of cross-sections, which should 
perhaps be distinguished by the name defective or im- 
perfect, wherein the entire base of section does not ap- 
pear, as in the accompanying diagram, where the sur- 
face line dips below grade in right-section. Evidently 



^.y A 




the portion of section above grade is excavation, and 
that below, filling ; therefore, if the surface line should 
be considered as it is, we should obtain as a result not 
the amt. of excavation nor of embankment, but the dif. 
of their quantities. As this dif. is rarely required alone, 
excavation and embankment must be considered sepa- 
rately. This is done by regarding the points where 
surface line crosses grade as breaks, and the surface line 
to be I m c n p r, ot which the values of n and p are 
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zero. The area of the section is now correctly repre- 
sented by the formula for an irreg. section of corres- 
ponding breaks, viz. : 

This formula may be obtained from the section directly, 
as well as from all that follow, by means similar to those 
used in connection with irreg. sections; and it may be 
verified by substituting therein the actual values of the 
symbols. 

Take another instance where a portion of right-base 
doey not appear in the section of excavation. Since in 




the same series we must always have sections of equal 
bases, the base^of this section must be prolonged on the 
right to the proper dist. ; and now the snrface line is 
considered to be Icmr^ of which m is the only break, 
and m and r zero. Its formula is accordingly 




The formula for the next section represented is 

\v{m + 8b) + hM^.+ Sh)+\m'{c—l)-^^n\c--'r)^8b\ 
3 
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The next section may be regarded as reg. since its 




snrfflce line is broken only at centre. Its formula is 

It is certainly not pretended that the formula, as ap- 
plied to such simple shapes as the last two or the next 
two following, simplify the same ; but it is shown that 
by means of this formula, as an expression of area, any 
possible shape of cross-section may be included in the 
series and thus cause no interruption, which is the great 
advantage we wish to obtain. Neither does this formula 
augment to any sensible degree the calculation of sim- 
ple shapes, it being a mere form serving to direct the 
values to their proper places in the cols. Thus, for 
second section above, when in combination, the sub- 
traction, --Sb^y is eliminated, as also Sb ; so we have 
merely to set in col. of widths the entire width, equal 
to the base of section, and for col. of prods, it is in- 
stantly seen that the first two prods, are zero, and the 
last two, m'c, n'c Th^ toidth of an impeifect section is 
the fuU width of roadtoay added to the toidth of whatever 
sloping the section may have. 



V^ 
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/> »n. 

The fommlsB for the next two are in order 

j ^v(p+8b)+^xie+Sb) + yn>(c-n) { 
I +^n'(m-p) + hp'(n-l)-Sb* f • 
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The formtila for each of the foUowing two seotious iff 
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which is the general formula for irreg. sections, m being 
the first break, n the second, measured on surface line. 
The formula for the next is rather long, but just as 

easily constiucted by the general law. Its Hiirface line 
The last section shown is merely of side trimmiDg, 
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the road-bed not being formed by excavation at all, yet 
the same rule applies and the same formula represents 
its area. The surface line is considered to be r c m w p 
t g Ilk ly of which the breaks are all in the left section. 
The first is evidently m, an imaginary pt., whose dist. is 
known to be the width of half base, and elev. zero; tho 
second, n, the pt. where slope enters material to be re- 
moved. The formula need not be re-stated. This case 
is 1 are, but is here included to support the assertion 
that no possible shape of section, within limits of reg. 
slope and base, lie without the limits of the rule for the 
calculation of irreg. sections. 

We may now calculate approximately in one opera- 
tion any possible cut or fill. The reg. vols, may be cor- 
rected by the formula already given ; while the irreg. 
may also be corrected by a somewhat similar formula, 
which we shall now proceed to find. 

First the general rule may be stated, which is easily 
susceptible of proof, but for which we shall not yield 
space here, that the prismoidal formula may he correctly 
applied to every vol. bounded by parallel bases, however dis- 
similar in shape and area, and lateraUy contained by a 
surface generated by a straight line moving along the per- 
imeters of the bases as directrices. This includes all vols, 
bounded by warped surfaces and surfaces of revolution, 
which are generated by straight lines, and applies to 
the majoiity of shapes occurring in earthwork and ma- 
sonry. 

Irreg. vole-*, are generally very carelessly treated, on 
account of the great labor it would incur to calculate 
the data of mid-sections, then their areas, and after- 
w ard apply the primoidal formula. Much of this labor 
may be removed by using a general formula for such 
Yolumer, although this plan does not seem to have been 
hitherto em [Joyed. The method, often used, of con- 
verting end areas into equal level-section areas, and ap- 
plying to the resulting vol. the pris. formula, is extremely 
faulty. In fact, irreg. vols, should be very cautiously 
calculated, as the ratio of error incurred by using ap- 
prox. methods is immensely greater than when the 
same are applied to reg. vols. 
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In illustration of tliis. consider the right side of an 
irreg. vol., shown in diagram with numerical values, m 

X' 




anrl i!f being the breaks of the two sections, supposed to 
re])resent the features of the same hollow, extending 
from one section to the otlier. m and M are therefore 
considered to be connected by a straight line dividing 
the two surfaces m c c' il/, m r r' M^ one warping from 
m c to M c', the other from m r to 31 r'. The half-base 
is 9 ft., slope 1 to 1. 

Area triangle c m r= ^x{c — m) + ^m'{r — c) , 

or . ^.15(5-4) + J.ll(6-5) = 13. 

c'r'M= il4(10-7)4-.i6(5-10)=6. 

The vol. having these triangles for bases is bounded 
laterally by a surface generated by a straight line mov- 
ing along perimeters of bases ; hence its content should 
be calculated by pris. foimula. Of mid- section the 
centre-height is -^, width ^^, elev. oi break ^^±^, (list. 
^^'j**^' , and slope height ^. Substituting these in the 
formula for area of middle triangle, we have 



or numerically, 



c+'- 



—^-)^Ji\ — 3 — J KIT- S-fy 

A. mid, iri,=6, 
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DO greater than the area of small-end triangle. This 
serves as an illustration of a twisted vol., wherein the 
mid-section and consequently the content are much 
diminished by the twist. Here we have 

True t;oZ.=(13+6+4 x 6)J^=716| cu.ft., 
Approx. t;oZ.= (13 + 6)^^=950 GU./t., 

where it is seen the approx. is a vast excess over the 
true content: and, since this twisted prism must be 
subtracted from the vol. bet. reg. sections, the approxi- 
mation in this instance for the whole irreg. vol. falls 
short of the true content. Let us see. 

A. near tVregr. «€c^.=^.15(4+9) + ill(5— 6)-40.5=51.5. 

Afar irreg. «ec^=^.14(7+9) + ^.6(10-5)-40.5=86.5. 

Approx. irreg. t;oZ. = (51.5 +86.5)J^= 6900 cu./t. 

A. near reg. sec^io« = ^.15(5 + 9j— 40.5=64.5. 

A. far reg. «ec^iow=J.14(lO+9)- 40.5=92.5. 

Approx. reg. vo/. = (64.5 +92.5)-^^= 7850 cu./t. 
Pria. cor. for reg. vol. = {lQ-5){l5—14.)X^-+41% ca^ft. 

True reg. vol. = 7891| " " 

True content twisted prism= — 71()§ " " 



2'rue irreg. t;o?.=265.74 cu. yd8.=lV15 
Approx. irreg. voZ. =255.55 " " =6900 ** 






We see that the approx. result for the irreg. vol. falls 
short 10 yds. in a true vol. of 266 cu. yds., only 1^ of 
which is recovered by application of pris. cor. to the 
whole reg. vol., while the remaining 8J yds. is due to 
the cor. of a mere strip of vol., whose true content is 
no more than 26^ cu. yds. By this it becomes evident 
that it is vastly more important to apply the pris. cor. 
to vols. bet. irreg. sections than bet. reg., the cor. in 
this case for reg. vol. being but IJ yds. in 292, whereas 
the cor. for the irreg. vol. is 10 ou. yds. in a true voL of 
266. 

To find the shape of pris. formula as applied to irreg. 
vols., consider a vol. bounded by irreg. sections, of 
which c, r, Z, v, a?, are the centre, right and left slope 
elevs., left and right side-«vidths of first, the same 
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meaniirements of second correspondingly c', r', V, v', of. 
In the first are one break on left, elev. m dist. m\ two 
breaks on right, elevs. n, p, dists. n', p'; in the other 
corresponding breaks of alt. M, N^ P, dists. if', N'^ P'. ' 
The areas of these by rale are respectively 

4t;(m + 8b) + ^x{p + 8b) + ^m'{o - 1) 
+ h'^'{c-p) + ^p\n-r)-'8B^, 

M^+ Sb) + h^'iP + 8b) + ^Wii/ ^V) 
. +lN\c'^P) + \P\N^T')SIi'. 

The corresponding values of mid-section are found by 
dividing the sum of similar measurements of end- 
sections by 2. Its area is, therefore, 

l{v+v'){^^-\-8b) + \{x+x%Ji^+8b) 

Multiply mid-section by 4, add thereto the sum of end 
areas, and multiply by \ length, to find true vol. From 
this subtract the approx. amt., found by multiplying sum 
of end areas by one half length. The remainder is the> 
pris. cor., being in ou. yds. 

'(i;-v')(ill/-m) + (ic-£cO(-P-p) ) jy 

+ 0t>'-P0((i^-rO-(w-r)) ) "^^^ 

This is more conveniently expressed in words. The 
first term is the dif. of corresponding side-widths multi- 
plied by the dif., taken inversely, of corresponding last 
bleaks ou that side. The second term is similar. In. 
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the third tetm one factor is the dif. of dists. of coiTes- 
ponding breaks from respective centres, and the other 
the dif., taken inversely, of the quantities, which are 
mnltiplied by those dists. to find areas of respective 
sections. In the foimulsB for the areas of fiist and 
second sectioDS we find the terms, ^ m' (c— ?), ^ M' (c' — Z'), 
which are used in the approx. calculation, m'.ind M'heiwg 
placed in their proper col., and c— Z, c'— i', in another; 
so that to apply pris. cor. we have only to find a dif. 
by subtraction downwards in one col. and multiply it 
by a dif. found by subtraction upward in the other col., 
a method precisely similar to that employed for reg. 
sections. The third ierm is a type of all that follow. 
Therefore we may construct this 

BuLE OP PRIS. OOB. for vols. bet. irreg sections. 

MvUifly the dif, bet each tioo corresponding aide-widths 
by the dif.^ taken inversely ^ of the devs. of last breaks on 
thai side. To these prods, add the p^od. of the dif. of dists. 
from respective centres of ecuih ttvo corresponding breaks 
by the dt/., taken inversely^ of the respective factors used 
with these dists. to find the areas of respective sections. 
Mvitiply the sum by -^ dist. bet. sections and divide by 27. 

This rule requires that the same no. of breaks be pre- 
sent in each end section of a vol., and that the breaks of 
one end be connected with the corresponding breaks of 
the other by straight lines. This arrangement is tme of 
every vol., although the bi eaks may not appear in one 
section. In the example just considered it is perfectly 
obvious, where the three breaks of one connect with the 
three of the other ; but sometimes one end section has 
more apparent bre.iksi than the other. Thus, in pro- 
ceeding from reg. to irreg. ground the last reg. section 
is succeeded by an irreg. section of one or more breaks, 
which do not, however, originate in that section itself, 
but gi-adually develop themselves from certain points on 
the profile of reg. section. These points must be ascer- 
tained in order to make a correct computation, and they 
represent the breaks of the reg. section corresponding to 
the actual breaks of the irreg. That these ridges and 
ihollows do extend from one section to the other is self- 
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evident. The irreg. section should not represent mere 
local features, since its area and shape affect the vol. all 
the way to next section on each side. The ridges and 
hollows may be faiut, but, if visible at all in one cross- 
section, their general course may be traced, and the pt. 
of intersection with reg. section nearly determined.. 

The neglect of these fading ends is the source of 
great error, although at first thought it would be consid- 
ered perfectly immaterial to the result where the ridges 
nnd hollows might happen to fade on the surface line of 
reg. section. We shall give space to one illustiation. 




The vol. is bounded by a reg. and an irreg. section, 
wliose measurements are marked in the diagram. i1/, 
N, P, are the pts. on reg. section, to which the breaks 
of irreg. section are supposed to extend in one instance ; 
m, n, p, the pts., to which the breaks are suppos. d in 
another instance to extend. The approx. formula for 
content is 



Approx. vd. = {prot h. -f Sh X toidths— iSb^)^?^ 



x » 
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applying which to the example we have 



65.5 
24 

•2620 



w 




C 




PBODa 


32i 


X 


8 


— 


260 


15J 


X 


9 


— 


139.5 


m 


X 


10 


— 


175. 


6 


X 


(4-7) 


^ 


-15. 


6 


X 


(4-10) 


= 


-36. 


11 


X 


(5-11) 


= 
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1310 457.5 

1672.0 1572. 

-1152. 

9 )877.5 

12)9750. 

Approx. vol, in cu. yds. =812,5 

Now if fhe ridges and hollows represented in irreg. 
section vanish at the pts. JIf, N, P, of the reg., these 
pts. may be considered corresponding breaks, and all 
the conditions for the application of pris. cor. are pre- 
sent. The distances of these pts. are noted in field, the 
heights being rendily deduced, as by the forumla'A=a 
^d^-a)^ where h is the height of intermediate pt., a the 
elev. of first end of line, b the elev. of second end, d the 
dist of pt. from first end, and I the horizontal length of 
line. Thus, if M'. I}\ F\ are 3, 2, 4, respectively, 

J!f=8+a/4j^»=6 89, N=z8 + ^^ii^=8.63, 

p=8+*q4^'=9.26. 

A.pplying the pris. cor., 

(15i-13i)(6.89-9)= - 4.22 

(19-17i)(10-9.26)= + 1.11 

(5-3)((8-3)-(4-7))= ■ +16.00 

(6-2)((8-9.26)-(4-10))= +18.96 

(ll-4)((8.63-14)-(5-ll))= + 4.41 

324)3626. 
pris, cor,= +11.2 cu, yds. 

When the breaks represented in irreg. section extend 
to the pts. if, Nf P, of the reg., the true content bet is 

812.5 + 11.2 =8237 cu. yds. 
Let it now be supposed that these breaks extend to 
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the pts. m, n, p, distant 11, 13 and 15, and of elev. 3.9, 
12.1, 13.4. Apply cor. 

(15J-13i)(3.93^9)=: ,-10.14 

(19- 17i)(10- 13.36)= -15.04 

(ll-5)((4-7)-(8-3))= -48.00 

(13-6)((4-10)-(8-13.36))= - 4.48 

(17-11)((5-11)-(12.1-14))= -24.6 

324) -1 0226. 
pm. cor. tn CM. ycb. = — 31.56 

When the breaks of the vol. extend to the pts. m, ti, jt>, 
of the reg. section, the true content is 

812.5-31.56=780.94 cu. yds. 

Therefore, if M, N^ P, be the vanishing extremities of 
these breaks and remain unnoted, the approx. result falls 
short of the true content by 11.2 cu. yds. If, otherwise, 
m, n, py be the fading ends, the approx. calculation is an 
over-estimate by 31.56 cu. yds. The total effect on the 
vol. occasioned by moving the extremities of breaks from 
the pts. Jf, Ny P, to the pts. m, n, p, is a diminution of 
43 cu. yds. ; and by other arrangement of the pts. 
this may be made more than 50 cu. yds. 

It may be easily determined at a glance whether the 
effect of shifting the vanishing extremities be great or 
little upon the vol. In lefb irreg. section conceive a line 
to be drawn from top of slope to top of centre, aud a 
warped surface to extend from this to the left surface 
line of reg. section. This divides the triangulur warped- 
faced wedge ABODE from the main vol. ; and the latter 
is evidently not affected by the shifting of if along DE. 
But the triangular wedge is affected to the following 
extent. If B be moved along a line £F parallel to DE 
a certain dist., and the consequent increment or decre- 
ment to the wedge denoted by A, M remaining fixed, 
then the vanishing end M be moved along DE the same 
dist. in the same direction, B remaining fixed, the second 
consequent increment or decrement is equal exactly to 
\h. Therefore, to determine whether the neglect of 
noting the vanishing end, M^ of a ridge or hollow 
be or be not serious, it is only necessary to notice 
the inclination of the lines AG^ DE. If they are 
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parallel, cbaoge of position of Jtf" does not alter the con- 
tent of wedge ; but, if they are much inclined, the posi- 
tion of M is of great importance as aheady shown. 
Thus, to apply the principle, it is seen at once that the 
effect of shifting M in left section is far greater than 
can be produced by altering the positions of N and P 
in the right. 

It is thus apparent that to obtain all the data for a 
correct computation of an irreg. vol., both ends of every 
ridge and hollow must be noted, whether it fade out or 
not ; that is, each end-section must have the («ame no. 
of corresponding pts. connected by straight lines. To 
take these notes in the field is simple. If we find in 
taking cross-sections two adjacent sections have three 
breaks ej»ch, corresponding, no remarks may be made ; 
and in applying pris. cor. it will be taken for granted that 
tlinse are respectively connected by straight lines, the 
nearest to the centre o ' one section with the nearest of the 
other, the farthest with the farthest, and middle with 
middle, since they do not inteisect bet. cross-sections. 
If one have four while the other has three, we have only 
to find the position of fading end of vanishing break in 
section representing but three : its dist. from centre of 
this section is placed in col. of remarks opposite this 
section. When the pris. cor. is applied, the four breaks 
of one section are connected with the three real breaks 
and the fading pt. of the other, according to their distst 
from respective centres, as before. In all cases, after 
noticing what breaks of one Connect with what breaks 
of the next, only the vanishing extremities of the other 
breaks need be noted, obtaining thus always an equal no. 
of pts. in each, which to connect according to the dists. 
from their respective centres. This will be fully illus- 
trated in the following example. 

The first col. of this extract from field book contains 
the uos. of stas. and interms, the second the centre 
cutting or filling, preceded, if Ihe latter, by minus sign. 
The third col. has the elevs. and dists. of left slopes, 
with the heights and dists. of interm. breaks, ranged in 
their natural order. The fourth contains the right dists. 
and elevs. similarly arranged. The elevs. in all are 
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marked aboye the dists. of same pts. The fnll stas. are 
100 ft. apart, the width of roadway 30 ft., the rate of 
slope for the cutting is ^ hor. to 1 vert., represented 
here hj'^=2=S. The slope of the filling is 1^ to 1 ; 
but we propose to calcuhtte the excavation only, where- 
foi e the left- widths of such sections as dip below grade 
on that side are considered to be 15 ft. In the col 
headed Bemabes are placed tbe data concerning the 
ridges and hollows. For instance, sta. 1 being irreg. 
and sta. 1+50 reg., the fading extremities of the ridges 
and hollows profiled in the former must be determined 
in the latter. The left break is found to extend to 
centre of sta. 1 + 50, and it is so marked on a little line 
extending to the left from a vertical line representing 
centre line. The right break extends to the top of slope, 
and is therefore recorded as ] 6.2 on the right of vert, 
line these vert, lines appear rather contracted in the 
print.) Both these records are placed at the top of vert. 
line, leaving the lower end for possible notes connected 
with the next following section. But here none is needed 
^as the sections fully correspond as tliey are. Sta. 3+20 
is irreg., therefore the corresponding pts. of sta. 3 must 
be noted. The left break extends to left slope, being a 
grade-line bet. the sections ; the right break extends to 
centre, whose dist. is zero. Stas. 3+20 and 4 do not 
correspond. A pt. on sta. 4 corresponding with left 
break of sta. 3+20 must be found, and a pt. on right of 
sta. 3+20 corresponding with second break on right of 
sta. 4. The two right breaks of sta. 4 nve found to 
merge into the one of sta. 3 + 20; the dist. 10 is there- 
fore noted in the remarks. One of the two breaks of 
sta. 4 disappears at centre of sta. 5, and is so noted. 
The other runs through sta. 5 and disappears at sta. 6 
at a dist. of 9 ft. from centre. Bet. stas. 6 and 7 a grade 
line runs from left slope of former to centre of latter ; 
these pts. are noted. This grade line continues to stas. 
8 and 9, appearing in these as breaks ; it must be noted 
in si a. 7 as a break corresponding with that on right of 
sta. 8. No natural example would be likely to have so 
many breaks vanishing and originating in so small a 
dist. ; it is only made so here to include all the cases. 
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For the approx. calculation of tliis piece of excava- 
tion the notes in col. of remarks are of course not 
needed, since they do not affect the areas of the sec- 
tions. According to the approx. rule on page 13, con- 
struct a table of cols., the 1st for stas., the 2d and 3d 
for widths, the next for centres, two more for proda., 
and another for the cor. for interms. Finally add one 
col. for pris. cor. and one for extra notes. In 2d col. 
of widths set tbe full widths of reg. sections; and place 
the centres of these opposite in coL of centres. For 
irreg. sections place in col. of widths the side-widths 
separately, and in col. of centres the factors used with 
these side-widths to obtain prods., namely, the heights 
of last breaks ; also in 2d col. of widths place the dist. 
of each break, and in col. of centres the factor used with 
this, namely, the height of break next nearer centre 
minus the height of break next farther. Thus for first 
section we have directly from field-book, 16 x 1, 16.5 x 4, 
11 X (2-2), 9x(2-3); for sta. 3-1-20, 15x0, 22x6, 
8x(5-0), 10 X (5-14); for the next, 15x6, 23x9, 
llx(6-9), 15x(7-16); for the last, 15x0, 25x0, 
11 X (0—20). These prods, form the 2d col. of prods. 
For the first cols, of widths and prods, merely transfer 
values in 2d cols, according to rule, that is, full widths 
and prods, for mid-stas., half-widths and prods, for two 
end stas. of work, with this exception, that half the 
widths and prods, of last interm. of a vol. must be used 
in place of half the widths and prods, of the full sta. 
next before. But this principle has been already dis- 
cussed. Since the first sta. is one of the two end sta.s. 
and, therefore, only half iis value could be used, and 
since this half must be omitted in favor of the half prods, 
and widths of the interm. following, no transfer is made 
for sta. 1. For sta. 1-1-50 transfer half the width and 
half the prod. For sta. 2 transfer entire values. Trans- 
fer the half values of sta. 3, since it is followed by an 
interm. For the interm. transfer half the width and 
half the prods. For all the rest except the last trans- 
fer entire values, for the last half values. In first col. 
of widths are placed the letters L and h opposite break 
dists. of sections. These letters serve two purposes. 
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First, tliey occupy all space of first col. except what 
should be filled with transferred quantities, thus pre- 
ventiDg the possible mistake of trausferring the break 
dists. also to first col. of widths. Their special nse is 
to mark corresponding breaks while appljiug pris. cor. 
To apply cor. for interms. to first interm. we use the 
formula 

ft 

where to and P are the width and prods, of next section 
before, or sta. 1, w', P', the same of next section follow- 
ing, or sta. 2, Sb=2 x 15=30, Z>=50; the factor yj-g^ will 
be used at foot of col. So we have 

O.lx30 + (-24:.2) = -21.2; -21.2x50= -1060: 

for Sta. 3+20, -4x30+41 = -79; -79x20=-1580. 

To apply pris. cor. to vol. bet. stas. 2 and 3, which is 
reg., multiply dif. of widths of end -sections by in- 
verse diL ol centres, and multiply by length of vol. 
-1.6 X 2 X 100= - 320. The widths of vol. above differ 
by a few tenths only, wherefore its cor. may be safely 
neglected For the cor. of irreg. vol. bet. stas. 8 and 9, 
we have arranged before us in perfect order the values 
considered in formula of pris. cor. The rule requires 
that the dif. of corresponding widths be multiplied by 
inverse dif. of last breaks, or of centres, if no break be 
on that side; also that the dif. of corresponding break 
dists. be multiplied by inverse dif. of respective factors, 
viz., those in col. headed oentre, used with these dists. 
to find areas of respective sections. In applying this 
rule advantage may be taken of the fact, already men- 
tioned in connection with reg. vols., that, if correspond- 
ing values of two sections differ by a few tenths only, 
the cor. for the vol. bet., so far as affected by those 
values, is immaterial Thus, in the last voL the left 
side-widths are equal, whence their dil is zero, and the 
cor., as affected by them, is zero. Again, although the 
right-widths differ, their respective factors are equal, 
and the cor., as affected by them, nothing. But for the 
third corresponding values the cor. is considerable, be- 
ing (ll-5)(-28-(-20)) = -48, giving for the vol 
4 
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—4800 to set in last col. Now, in a natural example of 
irreg. earthwork, the majority of vols, would have their 
corresponding values thus conveniently arranged in the 
table, making the cor. a simple matter. But here we 
have purposely considered numerous short breaks, mak- 
ing vanishing extremities at nearly every sta. ; so the 
last is the only irreg. vol., to which the cor. can be di- 
rectly applied. For the others the note0 taken in col. 
of remarks must be consulted. For instance, the reg. 
sta. 1+60 must be treated as if irreg. to correspond with 
sta. 1, the dists. of its breaks being given and their 
heights found. So its factors would be, to correspond 
with those in cols, of widths and centres, belonging 
to sta. 1, the following; 15.8x2, 16.2x2.4, 0x0.4, 
16.2 X— 0.4; that is, the sectional notes must be con- 
sidered as. 

Left Centre Right 



But it is unnecessary to place the sectional notes in this 
form, as the proper corresponding factors may be taken 
directly from field-book. These factors being obtained, 
we proceed as before, using them in connection with 
those belonging to sta. 1 and presented in the table. 
Thus, since 16 and 15.8 vary by so little, zero may be 
accepted as the cor., so far as these values affect 
it. The cor. for next values is also zero. Then 
we have (ll-0)(0.4-0) = H-4.4, (16.2-9)(-l-(-0.4)) 
= —4.32. Sta. 3 must be arranged for sta. 3-1-20, as 
shown in supplementary col. headed Bbeaks. Al- 
though stas. 3-1-20 and 4 are both irreg., their breaks 
do not correspond, wherefore the left of sta. 4 must 
be arranged as if containing a break, and right of 
sta. 3-1-20 as if containing two. The left of sta. 4 
then becomes as shown in coL of breaks, where the 
right of sta. 3-1-20 is also seen. For the differences, 
from the left- width of sta. 3-1-20 as in table subtract 
the left width of sta. 4 as in coL of breaks ; the dif., and 
consequently the cor., is zero ; then from left break 
dist., 8, of sta. 3-1-20 subtract left break dist., 15, of sta. 
4, and multiply dif. by inverse dif. of their factors. For 
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the rightHside measurements, use those in the table for 
sta. 4, and those in col. of breaks for sta. 3+20. The 
right of sta. 5 must be re-arranged for sta. 4, and 
the right of sta. 6 for sta. 5. The fading end at 
sta. 6 is 9 ft. from centre; therefore A=6+*^Ht^ 
=12, and the notes of the right section are, 6, -^, 
i^. TLe sections at stas. 6 and 7, although reg., include 
an irreg. vol., containing a hollow bet. its centre 
and left slope lines. Both sections must be arranged as 
if irreg. that this hollow may not be neglected. These 
arrangements are both shown in col. of breaks, and must 
be considered together while applying the cor. Sta. 7 
must also be arranged to corrt* spoud with sta. 8. Stas. 
8 and 9 correspond. 

By the approx. rule [see pages 32 and 13] multiply 
sum of widths by iS^&[=30], add prod, to sum of prods., 
and subtract 28Vn, n being no. of full vols., found always 
by subtracting the no. of first full sta. from the no. of 
last full sta. Next the rule directs to multiply by 100 
aud divide by 54; but, since the cor. for interms..and 
the pris. cor. must be respectively divided by 2 x 54 and 
6 X 54, place ^ the first and \ the second under col. of 
prods., moving the decimal pt. of each two places to the 
left, because the quantities with which they combine 
will be multiplied by 100 and thus carry tbe decimal pt. 
of these corrections back to the proper place. 

It has been stated that a natural example would not 
be likely to have so many vanishiug ends of breaks, and 
would, therefore, have its values arranged at once in 
convenient form for the application of pris. cor. When 
these vanishing ends do occur, the work of rearranging 
the sections containing fading ends is necessary to the 
true calculation by any method, as the demonstrations 
on this point were independent of method. But, having 
found them, there can be no more convenient plan of 
applying the pris. formula than this method of cor. by 
using difierences of corresponding measurements, these 
being ranged before us in proper order. By this general 
method of calculating irreg. sections and inclading 
irreg. vols, in the series we have succeeded in calculat- 
ing in one operation ten consecutive vols., of which four 
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are of minor length and eight are irreg. Without the 
method of including irreg. vols , every vol. of the exam- 
ple above must be calculated singly, every cross-section 
but first and last be used twice, and the mid-section of 
every irreg. vol. measured and calculated. In fact, the 
inclusion of irreg. vols, in series serves, in the same 
manner as the inclusion of minor vols., to abbreviate the 
computation of earthwork, and chiefly to remove inter- 
ruption to the continuous calculation of a long series of 
vols in one operation. By including both minor and 
irreg. vols, all interruption is removed from the thorough 
and exact calculation in one operation of any possible 
cut or fiU ; and the entire process is governed by but 
four rules. These are, the rule for the approx. amount 
with its auxiliary rule for intermediates, here remem- 
bering the distinction between Prod, as leferred to 
reg. and to irreg. sections, the formula of pris. cor. for 
reg. vols., and the rule of pris. cor. for irreg. vola 
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END VOLUMES. 



Teie method preceding embraces all of a catting or 
bank bet. end fall stas., leaving to be calcalated the 
vols, tapering from last fall stas. to grade lines. 

If there be a cross-section bet. last fall sta. and grade 
line, the approx. consent bet. this section and last fall 
sta. may be foand by the formala 

if reg., or in any case by the general foi mala 

{prods. + 8bx widths— 4:8b^)y^, 

and the pris. cor. by the rale. 

If the grade line happen to be unbroken and perpen- 
'.licalar to centre line, it may be regarded as a reg. 
section, whose centre and slope elevs. are all zero, and 
width the width of road-way, and the rales of approxi- 
ujation and correction accordingly applied. 

Bat, if the grade line, represented in the diagram bet. 
pts. JS, F, Of be broken or be not perpendicalar to cen- 




tre line, for an approx. method suppose a plane passed 
throagli each side slope line of last section and centre 
grade pt., as rF, IF in diagram. These divide end voL 
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into three approx. pyramids, from which is obtained 
this 

BuLE for approx. calculation of vol, bet, end-section, 
ibis being leg., and grade line. 
Multiply area last section by dist to centre grade pt. : add 
the prod, of ^ 6 by sum of pi'ods. of each slope heigld by dist. 
on thai side to grade. Divide by 81. 

Applying thiR rule to the example, we gain as a result 
62.59 cu. yds. This is probably the simplest possible 
mle. 

Otherwise, by passing a vertical plane through each 
side grade pt. and centre of last section, the end vol. is 
again divided into three approx. pyramids, the side 
sections being bases of outer ones and side dists. to 
grade their heights, and of middle pyramid the centre 
elev. of last section being alt. and aU portion of road- 
bed, unoccupied by side vols., the base. Then 

Content left pyramid- \Ev{c+ 8b) ^\8b^E. 
Content right pyramid=\Ox{c-\- 8b) '-i8b^ O. 
Contend middle pyramid =^^F be. 

.\ End vol={(C'\'8b){Ev+ 0x)-8b^(E+ 0)+FBc)Ti^, 

B representing full width of roadway. By this formula 
we obtain for content of example 

j (22 X 18 + 17 xl0)(8 + 12) ) , .«^. 
\ - 144(18 -h 10) +8 X 15 X 24 [ vxtxT-o^-oi- 

The average of results of these two methods, 62.7, is 
always the exact content ; but, as in this case, where the 
surface is not much warped, either result is sufficiently 
near the truth. 

Another method in use is to divide end voL into four 
parts by three vertical planes, one through centre line 
and one through each edge of base, making two outside 
pyramidal vols., and two inner vols, having quadilateral 
bases and grade lines for edges: This requires much 
more work than either above approx. method. The re- 
sult of this method for the present example is 62.63 
on. yds. 

If the surface line of last section be slightly irreg., 
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any of ths foregoing roles of approximation may be ap- 
pliedy the latter preferred since longitudiual planes are 
apt to cross fewer breaks than the diagonals. Bnt, if 
the breaks be important, making the grade line irreg. 
as well as the surface line of section, the vol. should be 
divided by a diagonal plaue througii each warped sur- 
face. 
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ESTIMATION OF FINISHED W^ORK. 



The completed work seldom coincides with the pre- 
scribed lines, except in ordinary homogeneous earth- 
oats, and iu embankments generally. When this is so, 
of course, the new crosn-sections of actual excavation 
must be calculated ; and, since these have no measure- 
ments in common but are irregalar all around their per- 
imeters, they cannot advantageously be computed in 
series, so that not only aU the methods of brevity of the 
preliminary calculation are lost to the more important 
estimation of the final quantities but also the prismoidal 
correction. For instance, in the accompanying diagram 




the section of excavation, limited by the full lines, must 
be estimated in the ordinary rude way by computing 
the trapezoids n l\ n m', c m', c p', t ;?', t «', r a/, and sub- 
tracting from their sum the ttapezoids k r', k h'\ g l\ and 
the triangles g g" e, A h" e'. 

We propose to avoid this labor and inaccuracy by 
considering the lower outline, Ig ee' hk r, of the sec- 
tion of excavation as the surface line of a section 
having a regular base, ee', and slopes, e Z, e' r; then 
calculating in one series by the method already ex- 
plained, using the oor. for interms. and the pris. cor., 
the amount of material through the whole cut remain- 
ing to be removed in order to. expose the true slope 
and base lines; and finally subtracting this from the 
preliminary result to find the true content of the mass 
removed. The advantages of this plan are^ briefly, that 
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the necessity of Doticing the measareinents of the upper 
part of perimeter is escaped, these being considered in 
the preliminary calculation, and also that the remaining 
measurements may be arranged in a series similar to the 
original, yielding a result with all the correctness of the 
prismoidal formula. 

The surface line of the section of remaining excava- 
tion, represented in diagram, islge & e h kr, ot which 
the breaks on left are in order e and g, on right e', h and 
k By the rule its area is 

iv{g + 8b) + hxik + 8h) + hK^'-g) + M^-^ 

This formula is very simple, especially in combination, 
Cy d and e' being each zero. 

Sometimes the lower part of perimeter transgresses 
the proposed lines of slope, as in the dirtgram. The 





rale still applies to finding the area of such a section, 
its vsilue being minus in this instance, as it should be, 
because a minus amt. of material must be removed to 
bring the work to the proper slope lines ; and this 
minus amt., representing the work remaining to be 
done, when subtracted from the original amt. prescrib- 
ed, leaves an amt. greater than that originally proposed, 
as the case requires. Occasionally the road-bed is 
excavated deeper than it should be; then c, m and g 
become minus (in case it be determined to consider the 
unnecessary work.) But to every possible shape the 
same rule applies, yielding positive or negative quanti- 
ties as it should be : so no allowance need be made for 
certain positions of perimeter, since the rule takes care 
of iiself entirely, without other superintendence than to 
fQllow it exactly, as may be verified by other metiiods 
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of calcniatiug the area. Of the section last sketched, 
the first break on right is at g, the second at h, the third 
at kf where the perimeter reaches the original sarface 
nearer centre than is the top of prescribed slope. On 
the left the first break is at m, where the road-bed has 
been cut too wide, the second at n, the third at p, where 
the perimeter reaches the sarface beyond the slope 
stake at L Accordingly, the surface line of section to 
be calculated islpnmcghkr, the side-widths of new 
sections being always the same as those of the old, and 
its area is 

hv(p+Sh)+ix(k+8h) + ^m\c--n) + lin'{m-p) 
+ jp/(,i_Z) + j^/(c-A)+i/,'(^-i)+iA:'(/i-r)-^. 

Of course, these sections can be arranged in a series 
like the original. The notes for the pris. cor. are more 
easily taken on the finished work than on the original 
surface, because t))e outlines are sharper, and the same 
features are likely to extend long distances, being oc- 
casioned by the dividing lines between strata of various 
hardness. 

The finished work may be divided into three general 
cases : 

1®. When the work after completion coincides with 
the prescribed lines, the material remaining to be re- 
moved is nothing, and the preliminary calculation serves 
for the final. 

2**. When the greater portion of the work coincides 
with the proper slope and base, but a few sections are 
found to be defective or redundant, the vols., represent- 
ing the work remaining to be done, bet. the latter or 
affected by them should be calculated, and the result 
subtracted from the result of the whole original calcula- 
tion. To illustrate this, suppose the finished work of 
the example of excavation, last given in connection witli 
preliminary estimates, to coincide with the prescribed 
lines at every cross-section except the first two. Let 
the final notes of these, together with those of the third 
cross-section, used to calculate second vol., be the fol- 
lowing : 
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Sta. 


Centbb 


Left 


BlOHT 


Bemarkb 


1 

+ 60 

2 




-1 




I -I 

ia-6«i0 




TFT 



At sta. 1, as shown in diagram, the ba»e has been cut 
too wide on the right;, and the left slope flattened too 
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Fc 



Sta Z' 




mnch. At sta. 1+60 the work has been cut too deep. 
The 2d break on left of sta« 1 nms to left slope stake of 
sta. 1+60 and is so recorded in "Remarks, 

The sections being enqui-distant, both yols. may be 
calculated together. Half the widths and prods, of 
first and last sections are used, according to rule. 
There being no interma., the 2d col. of prods, need 
not be constructed. The pris. cor. is inconsiderable. 
The result is — i)9.7. Subtracting this from the rei^ult 
of original calculation, the true content excavated is 
left. 
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Table of Opisraxiomb. 
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6143. ^no, of cu. yds excavated, 

3*^. When a large number of the sections do not coin- 
cide with base and slope lines, or when sach irreg. seo- 
tious are scattered and isolated, making many separate 
calcxdations necessary, it is better to make one operation 
of the final estimate, considering every section in the 
work, whether its area be zero or not. There is one im- 
portant advantage available in this case. Thus, the 
formula for original approx. content is 

J mid prod8. + ^ end prods \ D 

\ •i'8b(mid''Vndtlis + ^ evd-iindths)—28t^n ) 54' 

and the formula for approx. final content is the same; 
wherefore, since the widths are identical in both, the 
terms 

Sbfmid'Widtlis 4- ^ end-rndthsj — 2^9^^ 

vjinisli by subtraction. Hence, in the final calculation, 
the 1st col. of widths need not be constructed, summed 
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and multiple^ by 8b, and the quantity ^28l^n need not 
be added, but the col. of prods, only considered, to this 
added the cor. for interrns. and the pris. cor., and the 
sum subtracted from the sum of prods., the cor. for in- 
terms. and the pris. cor. of the original calculation. 

Between the cross-sections, which do not coincide 
with slope, there are in this case to be considered 
sections which do coincide, and whose areas are there- 




fore zero. These are easily disposed of. In commoi^ 
with the other sections their widths x 8h need not be 
considered. Their prods, are for each 

The first two terms are always zero, and the last two 
are always — Jft(r-i-Q. Since the factor /; is common to 
all these sections, the prods of all are foun& at once by 
adding all the side-heights, prefixing the minus sign, 
and multiplying by 6, following the rule, however, of 
using the half-prods, of sections at full stations preced- 
ing interms., and the half prods, of last interms. So, add 
to the side-heights of all not followed by interms. the 
half-heights of those followed by interms. and the half- 
heights of last interms., before multiplying by b. Tliis 
is all the work rt quired for these sections, since the cor. 
for interms. and the pris. cor. always reduce to zero. 
The former cor., 

{P-P'+8h(w^tv'))^. 
where P, P', are the respective prods , reduces to 

{^b(r-\-l-r'^n-\-8h(w-w'))^. 

But t(;=l^-I+2t, M;'=--h-4-26. 

8b(w -^ w') = b{}' -h i - r' - /'), 
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and the whole oor. reduces to zero. The pris. oor. is 

j (i;-t;')(/n'— m)-|-(a;-x')(n'-n) ) D 

( -h(6-6)((C-«')-(c'-0) + (6-6)((c'-rO-(c-r)) j 32i' 

and each term reduces to zero under the conditions. 

Let us suppose that the first two sections of finished 
work of the excavation, last treated as an example of 
preliminary calculation, are as noted in second case, 
and that the last four sections also of the same excava- 
tion do not coincide with the true slope. It now be- 
comes more profitable to estimate the material, remain- 
ing to be excavated, in one operation. The final notes 
of the out are the following. 
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Table of Operahonb. 



ST A. 


WIDTHS. 


CEN. 


PRODUCTS. 


CORRROTIONS. 


RREAE8. 




1 












IKTBRV8. PBUMOIOAL. 








16. 


2 




32. 






15.5 X 1 j 


QQ S 






16.5 














15 X- 2 




L 


15. 


- 2 




-30. 






15.5 X- 2 

/ 


^1 




L 


17. 


- 2 




-34. 












R 


16. 


- 3 




-48. 










-f-50 




15.5 


- 1 


- 7.75 




-250 





15.4 X 1 


00 






16.5 


- 1 


- 8.25 








17 X 






L 


15. 


2 


- 15. 








15 X- 0.8 






R 


15. 


- 4 


- 30. 








15 X- 4. 

J 


2.... 5 




15. 


-53.8 


-807. 













6 




15. 












T 




17 X 1 








27. 


23 


+ 621. 






-16 




24 X 18 


OB OD 




R 


15. 


-23 


-345. 









^ 


15 X- 4 


-??? 


1 

1 


R 


25.5 


24 


-612. 






+9 . 


-600 


15 x-18 


• «« 


7 




15. 
30. 



22 



+ 660. 






+3 




24 x-18 J 






R 


15. 


22 


-330. 









»• 








R 


25. 


30 


-750. 






-3 . 









8 




15. 












^• 
-2 










29. 


20 


+ 580. 






25 X 20 


•a QD 




R 


15. 


20 


-300. 






U 


^ 


16 x-20 


h?5? 




R 


24. 


-28 


-672. 






+2 > 





25 x-20 


1 9* « 


9 




15. 
25. 














r 








R 


16. 


20 


-160. 






J j -800 








-(-2176.) 


-(-250) -(-1400) 






565.2 


-2640 -14420 






2741.2 


-2390 -13020 




Cor. for In 


i'«-5-200=- 11.95 






Pm. a 


9r.-^600=- 21.7 
9)270755. 


■ 






6)30083. 


9 












50U. 


CU. J 


ds. 











64 

The calculation of this remaining work is precisely 
similar to the original calculation, except the omission 
of the 1st col. of widths. The sections of stas. 2, 3, 
3 + 20, 4, 5, coinciding with slope lines and lying adja- 
cent, are noted together, and their prods, joined in one. 
At sta. 2 the sum of side-heights is 4. 8. The sum of 
side-heights at sta. 3 is 8 : half should be taken since it 
precedes an interm. Half of 14 should be taken, be- 
cause it is the sum of heights of last interm. The 
whole heights at stas. 4 and 5 should be taken. The 
sum is 63.8, to which prefix minus sign. The common 
multiplier is 15. Since therie is but one inteim. to cause 
a cor., the 2d ool. of prods, has not been constructed 
further than the first section. For this interm., sub- 
tract width of sta. 2 from that of sta. 1, and multiply dil 
by 30 [=/8'6]. The result is 3. Subtract prods, of sta. 
2 from those of sta. 1. Thedif is-8. (3 -8)60= -250. 
The pris. cor. for the first two vols, is inconsiderable, as 
discovered in 2d case. The cor. bet. sta. 2 and sta. 5 is 
nothing, because the work bet. them everywhere coin- 
cides with the true slope and base. The right of sta. 5 
is arranged in col. of remarks to correspond with right 
of sta. 6. The right of sta. 9 is arranged to correspond 
with that of sta. 8. Subtract the results of the three 
cols, from the results of tlje three correspondiug cols, of 
the original calculation. Use the same factors with the 
differences that were used with results of same columns 
in original calculations. The result is the exact amount 
of the mass of material removed. 

This can be conveniently divided into the classes of 
material, as rock, slate, common earth, etc., from the 
monthly estimates or from the final notes, exactly as it 
is now done after obtaining the whole amt. by the ordi- 
nary method. A fair plan is to use the proportion : as 
the amt. of one class of work, as rock, in the sum of 
monthly estimates, is to the whole amt. of material in 
the same, so is the true amt. of rock to the true total 
amt. of material, as just found, unless extra trimming of 
earth or other material has been done between the two 
measurements. But these details are well understood, 
and form no part of the plan of this book. 
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CHANGE OF SLOPE. 



It is often found necessary after the preliminary cal- 
culation to make the slope flatter than at first intended, 
or advisable to make it steeper, according to the mate- 
rial struck. If the surface of ground be regular, as shown 
in the fii*st diagram, it is better to calculate the whole 
work anew with the new ratio of slope and the 





new widths. But, if the surface of ground be very irreg., 
as shown in next diagram, it becomes preferable to avoid 
the recalculation of the irreg. part, by considering the 
new slopes as the under part of perimeter of section of 
excavation, and calculating the work remaining to be 
done, to reach the original slopes, as in the example last 
given of finished work, and finally subtracting the latter 
result from the result of original calculation. The 
formula for the cross-section of remaining work in last 
diagram is 

Ji;(p + Sb) + ^x{z + 8b) + ^/>(c-n) + in'(m-p) 

In this instance it represents a positive quantity, because 

the new slopes are steeper than the old : if the new oues 

were flatter, the section remaining would be negative. 
5 



RUDE PRELIMINARY ESTIMATES. 



Fob a rough, early estimate, when the widths of the 
sections are known, the fii^t role for calculating a series 
of eqni-Iengthed vols, is recommended, disregarding 
interms., breaks and the pris. cor., and taking the croto- 
sections as far apart as possible. This computation can 
be made very rapidly. 

When the widths have not been calculated or staked 
out, and the preliminary notes only are available, these 
consisting of a record of centre elevation and the eleva- 
tion of a point on each side of centre 50 ft. distant, at 
each sta., a rough but hasty estimate can be made, by 
placing centre heights above grade in one column, and 
tlie hquares of these in another, conveniently extracted 
from a table of sqivares such as Henck has furnished in 
his Field Book, and treating their sums as in the 
treatment of level sections, already discussed, disregard- 
ing altogether the third column, constracted for the pris. 
cor. 

When the surface line at right angles to centre line is 
unbroken, as sometimes occurs at a great many consecu- 
tive stas., the areas of the sections, under supposition 
that they are level and of the same height as centre, are 
always too small, as seen in the diagram, by the triangle 

10 

J 



Jl[, 




67 

m r r'; and, consequently, the resulting mass of material 
between is also smaller than the true contents. This 
fact has often been pointed out, but we have seen no 
formula of cor. for the error. Such an one, that 
serves very well both for accuracy and brevity, can 
be obtained in the following way. m r r' is similar to 
ler. eg'i-b=8 : /. eg=::8b. Let ^'represent area of Zer, 
and let the abbreviated word (7or. denote the area of 
mr r'. Then 

Car: J' : : «» : (c+56)«. 

Let A denote the area of V e r', equal to A'^ Oor. Now 
by the principles of proportion 



Cot : A'^Cor :: «« : (c+/S6)*— a?, or Gor^ . 4-8h\^^:? ^' 

If h be the elevation at 60 ft. from centre on higher side, 
thcD 

z : A— c : : 6+| :50, or z='^h--c){c+8h)]f: 

^_ (- ^y(h-cnc+sb)w __(w)L^ 

It is here seen that the ratio of the correcting area to 
^ is as "02 — /hZc\2 is to unity ; and, if these areas be 

moved through any dist.. 2>, the vols, generated are in 
the same ratio. Therefore, if the average area of m r r' 
in all the sections through the work be ascei-tained and 
multiplied by J9, just as the average of Z' e r' is multi- 
plied by jD, the resulting vols, are related by the ratio 

-^■^^Tji-^ri : 1, where h is the average higher side-height, 

and c the average centre-height. But, in calculating the 
vol. generated by moving the average sectional area 
I' p k r' through the dist. i>, a column of centres has 
been constructed and summed. Let G be this sum. 
Then ^, where n is the no. of vols., is the average centre- 
height. Similarly, if H be the sum of side-heights, the 
higher one only being taken at each sta., or either if the 
section be level, then ^ is the average side-height. So 
the vols, hold the ratio 
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If, therefore, after finding the volume generated by 
moving the average area Vplcr' through 2), and addiug 
thereto the volume beneath road-bed, Sl^D, the sum 

be multiplied by ^a 2^ /g~^» ^^^ prod, is the cor. to be 

added to the original volume. 

This shall be illustrated from the following notes. S 
is considered -}-, 6, 10 ft. 



Sta. 


Lefi. 


Centbe. 


Bight. 


1 


1 


6 


11 


2 


2 


8 


14 


3 


-1 


9 


19 


4 


-6 


15 


35 


5 


15 


20 


25 


6 


18 


14 


10 


7 


12 


10 


8 


8 


11 


8 


5 


9 


12 


7 


2 


Sta. 


c 


<? 


h 


1 


3 


18 


0.5 


2 


8 


64 


2. 


3 


9 


81 


-1. 


4 


15 


225 


-5. 


5 


20 


400 


15 


6 


14 


196 


10 


7 


10 


100 


8 


8 


8 


64 


5 


9 


3.5 


24.5 


1 




90.5 


1172.5 


35.5 






1810, 


50)55.0 






2982.6 


1.1 






800. 


62.79)1.21(.0193 






3782.5 


6279 






.0193 


5821 






1.135 


66511 






84.042 


1699 






37.825 








9)305550.2 








3)33950.02 








11316.67 


en. yds. 
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The cols, headed c, c*, are oonstructed as for level- 
sections, the sum of former multiplied by 2 b^ the sum 
of latter by j-, and the prods, added together. Next a 
col. of heights is made, using half the first and last as 
with centres. iDstoid of taking the higher side eleva- 
tions, the lower ones have here been used, and their 
sum subtracted from sum of centres : the dif. is the 
same and tlie numbers to be dealt with smaller. This 
dif. divide by 50 : square the quotient for a dividend : 
for a divisor subtract dividend from iS^/i*, 64 in this ex- 
ample. The quotient multiplied by the whole volume 
down to where the slopes meet, is Ihe cor. to be added 
t» original volnme. Therefore, to 2982.5 add 8^ 
[=800], and multiply sum by .0193. The three partial 
prods, form the cor., which, added to the 2982.5, yields 
a sum to be multiplied by 100 and divided by 27 to 
produce a close approximation to the number of cu. yds. 
The peculiar merit of this pljan, as applied to prelim- 
inary estiraateb, is the facility with which changes in 
the result may be made to correspond with alteration in 
slope, width of base, altitude of grade, etc. For in- 
stance, to alter the result for a change of slope, the cols, 
need not be touched, but simply the values underneath 
modified by the new value of 8 instead of the old, where 
8 enters the calculation. Similarly a change may be 
effected for a change of width in base. If it be desired 
to ascertain the effect of sinking the grade all the way 
through, say 10 ft., merely add to sum of centres 10 n 
[=80], to the sum of squares lO^n [=800] plus 2 x 10 x 
sum of centres [ = 1810]. The cor. ratio, .0193:1, need 
not be altered. Therefore, the increase of volume equals 

4210x1.0193x100-7-27. 

The general formula for this example is, letting x re- 
present the proposed increased cutting and M the result- 
iug increase in the content to be excavated, 

[iix.ib + {no? + 2x g; j-] 1 V? ^ ^ = ^f 

G baling the sum of coL headed c. Solving with respect 
to X, we have 

3:=-n[VT¥r%^M+ (0+ Sbny-iC+8bn)]. 
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Suppose we want 1000 ca. yds. more from the cutting. 
Let Jf=1000, when a;=+0.7f ft. To make the exca- 
vation 1000 cu. yds. less, let M= —1000, when «= —0.79 
ft. For any other example simply use instead of 101.93 
the proper factor, or, if the cor. is not used, take D 
alone, generally 100. If the centre line be moved to a 
position on the right or left, parallel to its present posi- 
tion, the new centres must be tabulated and squared, 
but the ratio, .0193 : 1, is still correct. 

It is seen that the cor. is not quite 3 per cent, of the 
true contents in this example. If such close work be 
not required, the cor. need not be noticed. But, if it be 
retained, the result is the exact approx. contents of the 
vols. bet. the actual cross-sections, afterward to be 
staked out, when the pris. cor. may be made and at- 
tached to the preserved result. 

For a hasty estimate, when the surface line is broken 
at centre, allowance must be made, in the centre height 
used, for the direction of the angle's concavity. If this 
be downward, the centre used for equal level-section 
must be diminished, and, if upward, increased. Bepeated 
trial, tested by computation of the true areas, gives skill 
in this. The allowance varies with the rate of slope, 
width of base, centre-height, and the size of the angle's 
concavity. But, since the base and slope remain con- 
stant through the work, the centre-height and concavity 
only exert influence in a regular cutting. The cor. need 
not be applied in this case. Without this latter rather 
rough method recourse must be had to much longer 
rules. 
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CORRECTION FOR 
EXCAVATION ON CURVES, 



The error of oalonlating earthwork ou a onrre, disre- 
garding the oarratare, is not great. The manner of oal- 
onlating exactly the content of a toL is the following. 
The diagram here accompanying represents a vol. on a 
curve of exaggerated degree of onrrature. c H ib the 
mdiuA, =Bt H the augle sabteuded bj the distance, c &, 

t 
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^l>y between two stations, h is the angle of deflexion. 
eefy m m' are the edges of road-bed. Conceive a straight 
line joining c and r'. Estimate the vol. c c'r' by multi- 
plying the area of its base, 4cc'x<7r',=J2?a?'co«A, by 
the average height, J(c+c'+r'). Add to this the vol. 
c r rV whose base is l^xxkr',=^x{R-'X^)8inHf and 
average altitude ^{c+r+r'). If now the diagonal verti- 
cal plane r c' be considered, and the vols, c d r, d r' r be 
similarly calculated, and their sum averaged with the 
sum of the two other vols., that average is the exact 
content bet the warped surface c r r' d^ the plane of 
grade and vertical planes through the perimeter of 
warped surface. This principle was idso used on 
page 54, in connection with end-volumes. It is easy of 
demonstration. A proof of it is given on page 379 of Gil- 
lespie's BoADS AND Bailboads. It is also found in Son- 
net's DiGTIONNAIRE DES MaTHEMATIQUES ApPUQU^ES, aud 

in many other works. Subtract from this vol. the triang- 
ular prism err' e", whose end-section r' c" is exactly equal 
and similar to r'd and whose altitude is k r'\ also the pyra- 
mid d' r' d of altitude r' and basal area ^(x'—bYsinH. 
In the same manner compute the vol. led {', bounded 
by vertical planes, subtract the prism { m vn!' V, and add 
the pyramid V m' w". This process is entirely too labor- 
ious for any practical application except to test the 
accuracy of available methods. 

John B. Henck has instituted a formula of cor., which 
is very acceptable on account of its simplicity and the 
accuracy of its results in all ordinary cases. Expressed 
in his own symbols, d, df, being side-widths, A, A', side- 
heigths, this formula is 

[ic(d-d') +i5(A- A')]^^'- 
Instead of ^ may be used ^ainh. This, translated, be- 
comes in cu. yds., 

B^* w{v-x){c-\-8b)^. 

The dit, t;— «, is found by subtracting the inner side- 
width at a sta. from the outer. The cor. is thus posi- 
tive when the outer side is greater, and negative when 
it is the lesser. The cor. is applied at each sta., half 
the result being accepted at the end sta. of a curve. 

The following table shows the amts., resulting from 
the use of Henck's formula, compared with the true 
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oontentSy ascertained by the lengthy method explained 
at head of this article, of four separate vols, on a *• 
enrve. The 1st col. contains the trae amts., obtained by 
prismoidal foimala, without regard to curvature. Half 
of Henck's cor. is used at each sta., as this is supposed 
to be the eud of the curve. Prefixed to the table are the 
tield-notes of the cross-sections used. 5=i, 6=10, />= 
100, /^=U32.69, sinh=.03i9, cos/i=.99985, «infl'=.06976. 

Centre. Left. Sight. 



\8l Vol. 


10 


n 


H 


30 M *« 


%td Vol. 10 i* M 


30 M ♦* 


Zrd Vol. 10 U A 


10 M A 


Uh Vol. 10 -W -W . 


10 W i» 




TRUE AMT 
WITHOUT 

oubvatu'e 


henck's 
con. 


cobbeot'd 

AMT. 


tbueaht. 


bbbob. 


1st Vol 


1-28333.33 


+ 174.6 


128507.83 


128239 60 


+268.23 


MVol 


128333.33 


+337.36 


128670.69 


128623.27 


+47.42 


3d Vd 


36000. 


+167.76 


36157.75 


35161.9 


+5.86 


4ihVol 


30000. 





3O00O. 


29996.6 


+4.6 



The surface of 1st vol. is very much warped, the out- 
side of one section being the lower, and the outer of the 
other the higher, side ; and it is seen that Henck's cor. is 
here much at fault, the result of the calculation without 
noticing the curvature being much nearer the true oon- 
tsnt than is the corrected amount. The next vol. is the 
same as last, except that its first section is reversed so 
that the higher sides are both outer. The surface of 
ground is, therefore, very much less warped, and, as 
seen, the cor. of Henck is very much nearer the truth. 
The next vol. is bounded by cross-sections of same size 
and shape. The surface is, therefore, two plants, and 
Henck's cor. errs but little. The 4th vol. is level. The 
inference is : Where the surface of ground is a plane or 
nearly so, Henck*s formvla is very correct A much- 
warped surface is rare ; and, when it does occur, it ]8« 
perhaps, better not to attempt a correction. 
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BORROAV PITS. 



For the caloalation of any class of crosn-sectioiui, 
wbether there be a regular slope and base or not, we 
recommend the method, employed here for intermediate 
sections and for breaks, of using the distauce of each 
point from the base line as a factor with the dif. of ele- 
vation of the two adjacent points. The object is to se- 
cure one col. of veiy small factors, the dilBTerences, al- 
though the other coL receives larger factors than by the 
ordinary method ; also to facilitate the application of 
the pris. cor. where required. Let the following be the 
field notes of a borrow-pit, whose datum plane is fixed 
at 20 ft. below the elevation of sta. on base-line. 



STA. 
















- -v 


H 


U 


M 


n 


iV\r 


1 . 


- v 


+* 


U 


i* 


n 


T^ 


s 








\ 


/ 




2 - 


- V 


+* 


a 




u 


1^ 


* 










\ 




3 - 

8 


- ¥ 


U 


n 




H 


iWr 


4 - 


- V 


U 


u 




U 


■AV 



To estimate the mass of earth bet. this surface and 
datum plane, arrange distances in one col., as shown, 
and the differences of adjacent elevations in the next, 
except for the last distance, 100, opposite which place 
the sum of last two elevations. From these calculate 
the col. of prods., using half the prods, of first and last 
stas. Multiply the sum by the distance bet. stas., 26 ft., 
and divide by 54. 

It is scarcely necessary to mention the points of brev- 
ity in favor of this plan, as against the ordinary method 
of calculating such work, since this topic has been fully 
discussed already ; but we might recall the fact that 
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Table of Operations. 



Sta. 


DlST. 


h-h' 


■ Prods. 


OORRBGTIONS. 

inrUMMM. PBUMOIDAl.. 





10 

. 30 

50 

75 


10 



-16 

- 5 


50. 


- 375. 

- 187.6 










100 


46 


2250. 






25 


1 


16 


5 


76. 











30 


- 6 


- 150. 






23 




45 


-10 


- 450. 











70 


- 5 


- 350. 











100 


40 


4000. 









2 


15 


- 2 


- 30. 






60 


• 


40 


-10 


- 400. 






- 30 


S i«)X-8 
eo flOX-6 


( 60 


-13 


- 780. 









1 


100 


45 


4500. 









3 


20 


- 5 


- 100. 






16 




36 


- 8 


280. 






10 




76 


- 5 


- 375. 






-120 




100 


61 


6100. 









4 


20 


- 7 


- 70. 











30 


- 8 


- 120. 











80 












- 2S 




100 


67 


2860. 










15157.5 
Fris. (7(>r.H-6 = -8.33 

4 )15149.17 
9 )378729.25 
6)42081.03 



-50 



7013.5 ou. yds. 



commoDly the areas of the several parts of each cross- 
section are combined to find the area of that section, 
the latter value being used, while here all these partial 
areas are added at once. Also the factors used are more 
readily handled, since those of the col. of differences 
are nearly all composed of a single digit only, making 
unnecessary the extra work of a separate multiplication, 
while the larger ones opposite the last distances need 
for the operation merely a shifting of decimal point. 
Besides this, the measurements are now arranged in 
perfect order for the easy application of the pris. 6or, 
Simply multiply the dil of corresponding distances by 
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the inverse dif. of corresponclinji; factors in col. of dif- 
ferences, and multiply by dist.-bet. sections for a value 
to set in col. of cor. The last pair of factors at each sta. 
thus need no cor. in this example, but would require it, 
were the far side of the pit irregular. Sta. 2 has one 
point less recorded than sta. 1. The last break of latter 
is noticed to merge into last of former; therefore, in 
applying cor. the last break of sta. 2 is considered to be 
two breaks, and the new factors are recorded at the side 
of the old ones in the table, to be used only with the 
section before. Since the vols, are all of one length, 
divide cor. by 6 and add to sum of prods. Multiply sum 
by 25, =J^, and divide by 54. If there were interui. 
cross-sections, use the half prods, of stas. next before 
and of last interms., as in road-way cr Iculation, and for 
the cor. multiply the dist. of each interm. from sta. next 
before by the dif. of prods, of sections adjacent. Divide 
sum of col. by 108. 

By this plan, as illustrated, it is seen that the piis. 
cor. is very easy of application, and that it is also read- 
ily discerned where the cor. is and where it is not re- 
quired. For instance, where a knoll or the spur of a hill 
has been removed, the approximation by end areas is 
extremely faulty, and the cor. assumes great import- 
ance. 

In concluding, we must again say that the principles, 
upon which this plan of computing earthwork is founded, 
are few and simple, and the results, excepting the rough 
estimates, perfectly accurate ; that the calculator soon 
becomes familiar with the processes, since the values 
naturally find their proper places in the tables of opera- 
tion; and that these tables themselves are neat and 
regular, recording all the work as tlie ever-present au- 
thority for the results they produce, and always ready 
for a rapid review, while by ordinary methods the whole 
work is thrown away, and nothing preserved but the 
areas of the crosB-sections or the contents oi the vols, 
between. 
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GENERAL NOTE. 



YOLUMES BOUNDED BY WABPED BUBFAOES. 

In staking ont earthwork, the sections may be taken 
as far apart as the ground continues to change its slope 
uniformly, no matter how much the surface may warp, 
nor how great the distance between cross sections; that 




is, while the lines A A! and BB' remain straight, and 
the surface from AA* slopes to BB* in straight liues. 
The most rational conception of the surface bet. four 
straight bounding lines is that it is the hyperboHc-paror 
bcloid or warped surface^ wliich may be generated by 
moying AB^ paniUel to the planes of end sections, 
along AA\ BB\ till it assumes the position A*B\ or by 
moving A A' along AB, AW till it becomes BB\ each 
end traveling with speed proportional to the length of 
its path. To the vol. beneath such a surface the pris- 
moidal formula applies exactly. The assumption by 
Henck of one straight diagonal from A* to B or A to B\ 
has received severe criticism, and it, moreover, has not 
the advantage of making the formulae less intricate. 

Little fault, however, can be found with the field work 
of engineers, since tbe rule of placing cross-sections so 
that they shall be connected by straight lines is care- 
f uUy regarded in preparing notes for any mode of oalcu- 
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lation, the lack of straightness in a longitudinal element 
showing the presence of an intermediate irreg. section. 

The principle that the prismoidal formula applies to 
vols, beneath warped surfaces was assumed on page 21, 
since it has been so often used aud shown before. A gen- 
eral proof of this appliimtion to vols. bet. three-level 
sections, whether covered by plane or warped surfaces, 
can be deduced by calculus, as Prof. Gillespie has done 
for a vol. bet. two trapezoids in his Manual op Boad- 
Makino. Let ^w{c+8b)^Sb*, ^w'(c'+8b)'-Sb^ be the 
areas of end sections. At a distance x from tlie 
first the ceutre of a cross-section is c+(c'-'c)^, width 
w-\-(v/'-'io)%. Hence its area is 

h{t^+{to^-w)§){c+{(/^c)5+8h)-Sb^. 

Multiplying this by dx, after performing the multiplica- 
tion indicated, we obtain the differential of the vol., 

tv{c+8b)dx+{tv'c'—tv'c-toc* +100)-^ I _gi^9^^ 
-f {too'-' 2ioc -f tv'c + 8b{w' - 10))'^ 
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Integrating bet. the limits and 2>, we obtain 

VolM'^c+i(}c'+2{t(yc'+wc)+38b{tv-^to')-V18b^)r%y 

which is identical with the formula for the true vol. on 
page 21. Irreg. vols, may be divided by vertical planes 
through corresponding breaks into portions, which may 
be shown in a manner similar to the above to be sub- 
ject to the prismoidal formula : therefore the composite 
vols, are subject to the prismoidal formula. 

On page 40 it is advised to note the vanishing ex- 
tremities of breaks, and subsequently the importance of 
this is illustrated by examples. The geueral discussion 
of this topic can be readily effected by the aid of calcu- 
lus in the manner following. The diagram represents 
a triangular, warped-faced wedge. Its base is ABG^ 
edge DE: the back of the wedge is the face ADEG^ 
wtirped or plane according to the relative positions of 
the lines AG and DE. The remaining faces, divided 
by the edge jBJ?, warp from AB to DH and BG to 
HE. It will be noticed that this wedge is similar to 
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the wedge ABODE shown in the diagram of vol. on 
page 41, and that all the irregnlaiities of rail- road vols., 
which vanish at one end of the vol., can be decomposed 
into such wedges as the one here shown. In the dis- 
cussion it is convenient to make the edge DE horizontal. 
Using the symbols of the diagram for measurements, we 
have for a section distant from the base by x 

and for the area of this section 



id> ' + A') + hh\w" - d") - ia'i^" = ^ (a'd" + AW - a W) = 



h 



(/^ 



adiP-x) ajd'-dYDx-x^) 
—a?) {w'^io){Dx'-'X^) 



-aiV!iP^Jl 



D* 




Multiplyiug by dx we obtain the differential of the yo\. 
The indefinite integral is 



h 
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Limiting this by and A we have 

(a(2(i+dO + (A-a)(2M;+t^;0)A. 

Bj this formula it is instantly seen that to give d' a,nj 
increment Tiii increases the vol. by 

amD 
"12"' 

while to give d the same increment increases the vol. by 

2am D 
12 • 

Therefore, to move the vanishing end of a ridge or hollow 
any distance alters the content of a vol, exactly half as much 
as to move tJie other end of the same ridge or hollow on 
eqtial distance in the same direction, as stated on pa^e 43. 
It is also to be remarked that when a=Oy d and d' van- 
ish from the formula. Therefore, When BE is parallel 
to AC f or when the back of the wedge is a plane surface, to 
move the vanishing end of a ridge or holloiv any distance 
does not alter the content of the vcl.: but the farther AG, 
DE are from being paraUd, or the more warped is the back 
of the wedge, the greater is the effect, of moving the vanishing 
end of a ridge or hollow, upon the content of a vol, as stated 
on page 44. 

We consider this an important matter since we have 
found no book which demonstrates the consequence of 
fixing these fading ends. That it has a consequence is 
shown by the example on page 41. The irregularity 
of one section in this example is made very marked in 
order to make visible, if possible, the increase of content 
occasioned by moving m, n, p to M, N, P, But, if the 
irregularity were scarcely perceptible, as in the most 
ordinary example, the increment ^ would be the same, 
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since it depends entirely and only opon the difference ol 
inclination of AC^ DE, as represented in the formula 
by the symbol a. 

Prof. Gillespie proposes in an off-hand way [Roads 

AND Bailboads, p&g^ 373], considering such a vol., to 

conceive yertical planes passed through the breaks of 

irreg. section and cutting the surface line of the other 

section proportionately, preparatory to the application 

of prismoidal formula. But this assumption that the 

ridges and hollows cut both sections proportionally has 

the same fault that Prof. Gillespie finds in Henck's 

diagonals, that they would not always happen so. For, 

supposing them to be so now, if hereafter, proceeding 

from one section, the direction of the centre line be 

changed, both the ridges of Henck and of Gillespie must 

change also or break the law. There is no more reason 

in assuming that the ridges yanish at these points than 

at points fixed by any other arbitrary rule. One thing 

is remarkable about Prof. Gillespie's method. If the 

approx. content of the wedge be subtracted from the 

tine, the difference is 

If «;=«;', the difference is a{d''-d)^. But on Prof. 
Gillespie's assumption d and d' are now equal also. 
Therefore, when the widths are equal, Prof. Gillespie's 
result, although obtained by much greater labor, is no 
better than the approx. result, while the content may 
still vary by -xr cu. ft. for every difference of m feet in 
the position of the fading end. Thus, the nearer the 
widths approach equality, the nearer is Prof. Gillespie's 
result to the mere approx. result, while the true content 
depends upon the place where the ridge or hollow termi- 
nates, not where it may be supposed to end. Taking 
the example of a right voL, mentioned in this connec- 
tion by Prof. Gillespie, which is drawn to scale in dia- 
gram, and disregarding for the present the lines BO^ 
00, 01, the value of a is easily found to be 5.1. Sub- 
stituting this in the formula -^, and making m 1 ft., 
D being 100, we find for the increment to the content 

A^=42.5 ciL ft., corresponding to an increment of 1 ft. 
6 
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to d/^ measured along DE^ or 43.4 ou ft. corresponding 
to 1 ft. measured horizontally. Therefore, if BH happen 
to divide AG, DE proportionally, Prof. Gillespie's result 
is correct ; but, if not, he errs by 43.4 cu. ft. for every 
foot of distance from the true vanishing point to the as- 
sumed one. This is surely a difference worthy of beiug 
noted, especially since it must be as easy to note the 
true vanishing points in the field as to calculate the false 
points by the rule of three. It was simply apparent to 
Frol Gillespie that some point must be taken for the 
end Hvdl order to obtain data for midnsection, necessary 
to the prismoidal formula ; but it seems that he was not 
aware of the importance of finding the true position of 
this end. This, however, might easily escape observa- 
tion since it is a pecidiarity of vols, bounded by warped 
surfaces. 

Prof. Gillespie's theory of the surface of all irreg. vols., 
whether bet two irreg. cross-sections or one irreg. and 
one reg., is summed up in the following sentence . *' Oon- 
ceive a series of vertical planes to pass through all the 
points on each cross-section, at which the transverse 
slope of the ground changes, and at which, therefore, 
leyels have been taken, and to cut the other cross-section 
so as to divide the widths of the two pr(yfKniionaJl/y** 
By this treatment the surface of Prof. Gillespie's vol. 
is scored by a number of ridges and hollows equal to the 
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whole number of breaks in both end sections^ against the 
great probability that the breaks at one end belong to 
the same ridges and hollows shown at the other: 
all the ridges and hollows of each orossHseotion vanish 
at the other, contrary in the highest degree to the natu- 
ral disposition of the ground surface : a break represent- 
ing a ridge at one end may be joined by proportional 
measurement with a break representing a hollow at the 
other, a perfect absurdity. His lines, fixed by an utterly 
unfounded assumption, are imaginary, as he calls 
Henck's diagonals, and lead to error nearly as gross. 
Since he assumes that each ridge or hollow yanishes in 
the same vol., he must calculate for each vol. the heights 
of as many vanishing ends as there are breaks in both 
end-sections, instead of calculating the heights of such 
only as do really yanish. After his laborious computa- 
tions, first, to find the proportional distances, second, to 
find the height of one end of each ridge or hollow, third, 
from these to calculate the measurements of mid-section, 
the number of whose breaks is the number of breaks iu 
both end-sections, generally double the number in the 
true mid-section, fourth, to obtain the areas of end and 
mid-sections, and, fifth, to apply the prismoidal formula, 
the result is identical with that obtained by approxima- 
ting end areas, when the widths are equal, while the 
true vol. may vary far from this ; and the nearer the 
widths are to equality the nearer is Prof. Gillespie's re- 
sult to the result of mere approximation. The ordinary 
methods of calculating irreg. vols., by approximating 
with end areas, and by finding heights of level cross- 
sections of equal areas and using tables, are both erro- 
neous ; and assumption of any kind is entirely out of 
place for measurements which bear so important a rela- 
tion to the content. 

The formula ^r ^^7 ^ conveniently used as a cor- 
reotiug formula in the following case. Suppose a 
vanishing end has been neglected in the field, and it is 
afterward discovered by the relative dip of the lines AC, 
DE that this is an important point. Any point may now 
be assumed to satisfy the formula, for instance, the 
point Dj already known, whose height need not be cal- 
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culatcci, and afterward at a couyenieDt time the distance 
m may be measured and the qaantitj ^ ca. ft. or -fj^ 
on. yds. added to the former content, a is easily calcu- 
lated, or can be found graphically and measured with 
sufficient accuracy. To determine whether f^ is posi- 
tive or negative, conceive a line BF through B parallel 
to DE\ then, if moving B to the right on this line in- 
crease the area of ABGy by lengthening the perpendi- 
cular, motion of H to the right also increases the con- 
tent of the wedge. So, if D were assumed in order to 
avoid delaying calculation, and H were found to be the 
true point, ^ is positive. For a second break O, form- 
ing the second wedge BOOEIH, the formula of correc- 
tion is ^nr, a' being FG or the distance of B from OK. 
If /were not known, it might be assumed at any point 
on DEf as Ey H^ or even D beyond JT, and the correction 
made by measuring the distance m from the assumed to 
the true point. Since motion of O to the right on a 
line parallel to DE increases the end area and conse- 
quently the content of the railroad vol., so motion of / 
to the right increases the content. Whatever the posi- 
tion of breaks, motion of any in the same direction af- 
fects the content in the same way. If both H and / 
were for the present unknown, D might be assumed for 
both: then the cor. would be ^xDH+^xDI, DH 
being the increment m for the first and DI for the se- 
cond. If D and E were assumed, the cor. would be 
^xDH-\'^x—IE, To make these corrections m 
should properly be measured along the edge DE ; bat 
in the regular staking out of \irork the vanishing ends 
must, like real breaks, be fixed by horizontal measure- 
ment. 

TABLES OF QUANTITIES. 

As for Tabl/es of Quantitiea, it is jnst to say that they 
are little used on many accounts. The common ones, 
for vols. bet. level sections, are reliable and expeditious ; 
but these are the very vols, most easily calculated in 
series. For other sections, the areas of these must be 
independently calculated, and the centre-heights of 
equal level-sections computed or approximately taken 
from diagrams, as Trautwine's, before the tables can be 
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nsed. This preparatoiy work is much greater than the 
labor of finding the whole content exactly by the method 
of this paper ; and the level-sectiou tables for all such 
cases are iuaccunite, as illustrated by many authors and 
systematically discussed by Prof. Gillespie, the errors 
being almost constantly iu defect and, therefore, seldom 
balancing. This error exists in all the tables constructed 
by followers of the methods of Telford and Sir John 
Macneill. 

The bulk of a complete set of tables for all slopes and 
bsises would be enormous, the number of such tables 
being equal to the product of the number of different 
bases by the number of different slopes in use. Thi^ 
bulk is sometimes reduced one-hundred fold by omitting 
the tenths, these to be interpolated by proportion, or by 
diagrams wherein the tenths are estimated by the eye. 
Such interpolation is not accurate. The diagrams are 
tiresome to the eye, and without the nicest care the 
producing values can not be laid off in the diagrams to 
the tenth part of a fool An error of OJ. in o, when //= 
10, ^8^=1, 0=5, and 2? =100, produces an error iu the 
content of vol. =0.1x30x100=300 cu. ft., in case an 
equal error were made in the other end section. If no 
error were made at the other eud, the error in content 
would be 150 cu. ft. If the error at the other end were 
equally far in the opposite direction, no error would 
exist in the result for the content. So, although there 
is a great chance that the errors may balance, it is not 
safe to use a method whose errors are so large. The 
same reasoning may be applied to the method of find- 
ing height of equivalent level-section. The measure- 
ments of irreg. section are in feet aud tenths : it would 
rarely happen that the height of equivalent leyel-sec- 
tion would be exactly in feet and tenths. The neglect 
of the extra fraction, if only a fourth of a tenth, would 
make a difference in above example of 75 cu. ft., 37.6 
cu. ft. or nothing in its several cases. 

Some calculators have constructed auxiliary formuIsB, 
by use of which vols, of certain base and slope can be 
treated by tables for other slopes and bases. These 
formulsd represent extra worL They may increase or 
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diminiflli the error of the table, according to the respeo- 
tiye slopes and bases. 

The adyantage of using tables of quantities is very 
much lessened by combining vols, in series, because 
thus all tiie constant factors are removed from the cal- 
culation of each. Suppose, for the sake of argument, 
we ooiild have a table by which the appror content, 

of a vol., for certain valnes of 8 and of 6, could be ob- 
tained by mere reference, using some two measurements, 
as in the tables for level-sections. To find the contents 
of 20 such vols, consecutive, the table must be consulted 
20 times and the results added. But, since the factor 
i4t need be used once only for the 20 vols., the advan- 
tage of including it in the table is very slight. There- 
fore, if the table were constructed on the value within 
the parenthesis, the extra labor would be simply one 
little division. But the term — 8b* need be but once 
used. Therefore, if tiie table were constructed on the 
value wc+v/&+8b{w+ti/)f the extra labor would be 
only one subtraction and one division. Since the prod. 
u/& enters the formula for second vol., and every other 
mid-prod, is likewise common to two vols., and since 
the prod. 8b{w+tv') becomes for the series a single prod, 
of 8b by sum of widths, the formula ivc+vy&+8b{w+u/) 
represents for the series 22 multiplications and the sum- 
ming of 2 columns, the prods, and toidths. Therefore, 
if we had a Multiplioation Table extended enough for 
the prods, tvc etc., to solve the above example we must 
consult the multiplication table 22 times, sum 2 columns, 
make one subtraction and one division. To accomplish 
the same by a table for the whole amount of each vol., 
we must consult the table 20 times and sum one column. 
The disadvantage, then, of using a table of prods, instead 
of using a table of contents for n vols, is composed of the 
following only. 

The tahU of prods, must beconsuUed n+2 times insteadqf 
n times, an excess of 2. 2 columns must be summed instead 
of 1, an excess qf 1. On/e subtraction and one division must 
bemade. 
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These fonr extras represent very little work. The 
advantages of nsing a table of prods, instead of a table 
of contents are the following. 

1. Irreg. vols, ran he treated by a taJtle (fjyroda. as toeJl 
08 teg. vofa.t hecause the formula for irreg. vcis. consists 
likeivise of a column of toidths mtdtiplied by 8b and a column 
of prods, 

2. Since the irreg. and minor vols, onn be induded^ n ran 
be made greater^ when the disadvantages of using the 
table of prods, become comparaiivdy less, 

3. Since the values 8 and b are not used in tJie construc- 
tion of the taUCf it applies equally todl to vols, of all dopes and 
bases, avoiding the great bvlMness </ a complete setoftaiies. 

The above scheme of comparative merits of a table 
of prods, and a table of quantities is drawn np on the 
supposition that a table of quantities can be constructed 
for such vols, to be used directly. Since this cannot be 
done, as is evident by inspection of the formula which 
contains four variables, to the advantages of a table of 
prods, may be added, that it obviates not only bulkiness 
but the rules of equating areas, the diagrams, auxiliary 
rules and general inaccuracy. A table of areas might 
be constructed on tiie formula 

\w{c+Sb)-8h^, 

since it contains only two variables. This table must 
be consulted n+1 times, so the comparative disadvan- 
tage of the table of prods, would be a little less than 
named above, and the advantages would remain the 
same, since the table of areas must be reconstructed for 
every change of base or slope, etc. But the auxiliary 
rules, rules of equivalency, etc., would be avoided by 
either method. To correct the approx. results a table 
might be constructed on the formula 

(M;-ti;')(c'-c)^; 

but the table of prods, would still possess all the advan- 
tages, while the disadvantage would merely be the use 
of the factor -^ once. The pris. cor. for iiTcg. vols., 
as well as the other, can be accomplished by a table of 
prods., and the factor ^^^ used once for alL 
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We, therefore, strongly recommend the introduction 
and use of a table of prods, in connection with the cal- 
culation of railroad yols. in series. The multiplication 
table is seldom, if ever, used by calculators, for the 
reason that their work is desultory, changing every few 
seconds from one process to the other of addition, 
subtraction, multiplication and division; but in the 
method of computation recom mended here, after trans- 
ferring from Field-Book the widths and centres, we have 
in direct and uninterrupted succession a long line of 
multiplications to perform where the value of a table of 
prods, in easing the only laborious portion of the work 
will readily be recognized. 

Such a table can be accommodated on 15 pages Bvo., 
ranging along tops of pages from 1 to 300, and down 
the pages from 1 to 80, thus containing all the ordinary 
prods, occurring in earthwork, of factors with three 
digits by factors with two, the decimal point to be in- 
serted as required. For more digits than three the table 
can be as easily used. Suppose w;= 147.2, c= 26.3. 
Look at top for 263 ; then down column to number op- 
posite 14, =3682; then down further in same column to* 
number opposite 72, = 18936. Set in column of prods, 
'lis 4. T^^i^ is much shorter work than to transfer 
147.2 and 26.3 to a separate piece of paper, find three 
partial prods., add these, and bring sum back to column 
of prods. By use of table no addition need be made 
till the column has been filled. All prods, made by factors 
near alike can be sought out at the same time. The 
table would be of use in any class of calculations, where 
the multiplications can be congregated. 
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NOTES TO SECOND EDITION. 



SIDE SLOPE. 

The rate of slope, designated here by 8y is generally 
understood to mean the ratio of the slope's departure to 
its height, and is considered to be the quotient obtained 
by dividing the former by the latter. This seems the 
more logical basis of evaluating earthwork slopes and 
masonry b^tirs, and, as such, was used in the manuscript 
of this book ; but it was afterward changed in order to 
make the formulsB occupy less room by avoiding the ap- 
pearance of a fraction in each. Thus, the^S of this treat- 
ise is equivalent to the reciprocal of the slope value as 
understood in most other works on the subject. 

SUMMATION OF TRAPEZOIDS. 

The formula derived on page 11, for the summation of 
a series of trapezoids, is of wide ax)plication, and can 
always be used more advantageously than the ordinary 
rule. Its successful application to every conceivable 
outline, even where part of the area is §ubtractive, is 
demonstrated on many succeeding pages : in fact, little 
could have been accomplished without its aid. To show 
its use in surveying, consider the distances, D, D', etc., 
to originate in the first ordinate, a, and to be measured 
toward the right : distances to the left have, accordingly 
negative values. Now, the formula on page 11 repre- 
sents, in every possible case, the area contained by the 
broken line, joining in succession the extremities of the 
ordinates a, e, d, c^ &, and that part of the base line 
which lies between the end ordinates, a and h. The 
formula, therefore, remains correct when the ordinates a, 
ft, reduce to zero, becoming points on the base line. These 
points may be moved toward each other any distance, 
the other ordinates retaining their positions, without 
affecting the accuracy of the formula, which still repre- 
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sents the area as defined above. When a reaches a point 
to the right of «, D'" is neg^ve. When a and b coin- 
cide, D is zero, and the first term disappears from the 
formula. If now the diagram be revolved ninety degrees 
to the right, it may represent the survey of a farm 
through whose most westerly point a meridian has been 
passed. Let A, By 0, D, E^ be points anywhere situated, 
of which A is the most westerly. Through A pdss a 
meridian. Let a, h^ e, d^ e^ be the distances of A, Bj etc., 
to the right of meridian, and let a\ 6', </, etc., represent 
the latitudes of the same points, measured southward : 
north latitudes are, accordingly, negative. (North lati- 
tudes may be considered x>ositive, and south latitudes 
negative : the sign whether positive or negative preced- 
ing the resulting area may be neglected.) a and a' are 
each zero. The formula for the area included by the line, 
joining in succession A, B, 0, D, Ej Ay is: 

The advantages of this formula, over the rule ordinarily 
used, are : First, one term less occurs in the expression 
for area. Th^ above area can not be obtained with less 
than three trapezoids and two triangles. Second, each 
term, except the ends, represents a smaller operation. If 
the longitude%of two alternate points be equal, one term 
vanishes. If any point have the same latitude as Ay one 
term vanishes. Third, the formula is perfectly true, re- 
gardless of re-entrant angles. The area may be calcula- 
ted directly from field notes, in the most intricate case, 
without making a diagram and placing positive and nega- 
tive trapezoids. 

By either method the longitudes of the points must be 
first found. By either method the latitudes of By Ey are 
taken directly from traverse table. By the method here 
described the latitudes of the other points, referred to it, 
must be ascertained. This trifling work is unnecessary 
to the other method. 

We shall illustrate the application of both methods to 
the simple case of a triangle. A is on the meridian. 
Consider henceforth distances northward positive, as it is 
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probably more natural to do so. Then the latitude and 
longitude of B are 8, 10 ; those of C are 2, 14. 

8x -14=-112 6x (10+14)=144 

2x 10= 20 2x 14 = 28 

2)92 8x -10 = - 80 

46 2)92 

46 

Tliis formula has also been proved to be of great ser- 
vice when the lengths of the trapezoids are infinitesi- 
mal; that is, when they are the differentials of areas. 
To find the area bounded by a curved lino, two terminal 
ordinates and a base line, let x' be its length, y', the last 
ordinate. The next to last ordinate, being infinitesimally 
near, is also y'. The distance to any intermediate ordi- 
nate is X ; the ordinate is y. The ordinate preceding 
is y-'dy) the ordinate following is y+dy. Substitut- 
ing these values in the formula on pag3 11, we find 

A=x'y'— f xdy. 

The quadrature of the area, between the axis of X and 
the curve whose equation is y=log. x, can only be effect- 
ed by this formula 

FIELD-BOOK. 

It would be more convenient in transferring the values 
from the field-book on page 46 to the table on page 47, if 
the column of centres in the former were pla<5ed between 
the columns of left and right heights and distances. In 
field-books, however, it usually occurs first, for the reason 
that the notes in that column are often obtained many 
months before those relating to slope stakes have been 
carefully taken. 

TABLE OF OPERATIONS. 

It would also be more advisable, perhaps, in transferring 
measurements from the field-book to the table, to carry 
over, first, the left side width of an irregular cross-sec- 
tion, next, the longest break distance on left, then, sue- 
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cessively, the left break distances in their order as in 
field-book ; and, afterward, the right break distances and 
side- width in their natural order. 

BUDB PEELIMINABY ESTIMATES. 

When the centre heights are known, and the ground 
' slopes differently on each side, a more exact method than 
that recommended on page 70, is the following : On fine 
cross-section paper lay off the base of section, and in- 
definite slope and centre lines ; also two lines, parallel to 
centre line, 50 feet distant, one on each side. For each 
cross-section, lay off its centre height and the ground 
heights at the 50 feet lines. Then, lay a straight-edge 
between the point on centre and that on one 50 feet line, 
and, without drawing the line, mark the intersection on 
the slope of section made by a line between the points. 
Find also the point ot intersection on the other slope, 
and from these take off the top-width of section. Having 
the width and centre of each cross-section, find the vol- 
ume as on page 9. 
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AVERAGE HAUL. 



When embankment ia not paid for, but excavation 
only, the contractor enters into an agreement to trans- 
port the material to the places where it is require*!, at a 
stated price per cubic yard per hundred feet hauL If a 
represent this price, n the number of cubic yarda in a 
cart-load, and d the number of hundred feet betw«)en its 
original position and the point of its deposit, and is the 
price to be paid for that trip. If «', ?i", etc., be the cubic 
yards in subsequent loads, till the excavation be com- 
plete, and d'y d"^ the distanas respectively traveled, the 
price to be paid for total hau age is 

a{'ad+n'd'+n 'd"4-eix>.}. 

Now, consider the volume, F, af the excavation to be 
divided into an infinite number of e^jual portions, iostead 
of cart-loads, and represent each part by d F. ] u this 
case, the price of haulage is 

adV(d+d'+d"+e\^.). 

Suppose a plane to be passed anywhere between cat !ind 
fill, normal to route of haul. The distance traveled by 
each rfFis intersected by this plane. Let the variable x 
represent the distance of each d V from this plane. Then 

the price for total haulage to this plane is faxdV. But 

there is some average distance passed through by all the 
differentials; a quantity which, used with every dF in 
succession, produces the same total haulage. If w 3 de- 
note this distance by a?', 

fax'dV^Taaod'V^ 

placing the constants, a, x'^ outside of the integral signs, 
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performing tlie integration of first member, and dividing 
by a F, we find 

fxdV 

The second member of this equation we know, by the 
principles of mechanics, to be the distance of the centre 
of gravity of Ffrom the plane; and the first member is 
the average haul Therefore, the average haul of the 
material to the plane is equal to the distance of the cen- 
tre of gravity of that material from the plane. In the 
same manner it may be shown that the average haul 
from the plane to the deposit is equal to the distance 
from the plane to the centre of gra^^ty of the deposit. 
Hence, the average haul of a piece of excavation is the dis- 
tance between the centre of gravity of the material as found 
to its centre of gravity as deposited. Letting I represent 
this distance, we have, finally, for the price of total haul- 
age, 

alV. 

The accompanying diagram represents the longitudinal 
section of a cutting. Neglecting now the end volumes, 
such as shown on page 53, consider that the material as 
far as O is to be transported in one direction. This is 
composed of four equi-lengthed volumes, each of which, 
Fi, Fg, etc., is supposed to be known ; and, consequently, 
the total volume, F, is known. Evidently, by preceding 
paragraph, the centre of gravity of this series must be 
ascertained, as also that of the portion of bank built 
therewith, in order to find the average haul of this mate- 
rial. To do this, the centre' of gravity of the component 
volumes must first be obtained. Letting x^ denote the 
distance of the centre of gravity of the first volume from 
Aj we may state. 



/) AD 

xdV^ J xdV, 

=7^ ' 

fdV. 
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Substituting for d V^ its value for a regular volume, as 
given on page 78, and integrating, we obtain 



\wc+3w'c'+w'c+ w&+28b(w+2w') --1281']^ 



a?,= 



[w'c+w&+2{w'c'+wc)+38b{tc+w')'-'128b^]^^ 

[w'c-{-wc'+2{w'&+wc)+38b(w+w')'-128b'']^ 
[w'c-\-wc'+2(w'&+tcc)+38b{w+tc')'-128b^]-^ 

[w'&^wc'+8b{w'^w)\^r-^^ 
j> — - 

\w'c+w&+2(w'c'+wc)+38b(W'\'W') ^128b*]j^ 
\iw%&+8b)^8b^)^(hw{<^+8b)-8b')]^ 



(^-^)e 



It is here noticed^ that by separating the numerator of 
the first integrated fraction into two parts, one of which 
contains the denominator ^Z> times, it may be reduced to 
the last simple form. If, for the differential of volume, 
we had used the fqrmula, derived on page 30, for cross- 
sectional area, which represents the area of every possi- 
ble cross-section, whether regular, irregular, or defective, 
the same ultimate formula would have been reached. It 
also applies to many of the most common shapes, plane 
and solid. So the centre of gravity of any railroad vol- 
ume may be assumed to be half-way between its ends, 
and the error corrected at any time by the simple addi- 
tive expression, depending on the difference of end 
areas, and here for the present denoted by n. 

Let us, for convenience, make this assumption that the 
centre of gravity of first volume is midway between 
ends. The error committed is n. The effect of this error 
on the average haul of the whole series, is the same as if 
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the centre of gravity of the series were moved a distance, 
m, such that 

m : n : : Ki : K, or m= ^ 

To compensate for this error, then, we must move the 
centre of gravity of the series, as found by the assump- 
tion, a distance m in the direction from A. By a process 
exactly similar, we find that the assumption that the 
centre of gravity of F, is midway its length, may be cor- 
rected by moving the centre of gravity of the series a 
distance m^, such that 



w, 



(<'-*)?2 



r 

A similar correction is found for the other volames, till 

12 



("-< 



^= Y 

Adding, we obtain 



(G-A) 



D* 



^12 
w*+t»i+mj+m,= ^^ =r^ — =M 

M is the total correction for the average haul, as first in- 
accurately determined by assuming thc^ <tentre of gravity 
of each volume to be half-way between its ends. We 
may, therefore, consider each volume's weight to be con- 
centrated in its mid-section, easily make the well-known 
graphical or analytic solution of the centre of gravity 
problem, and, finally, correct by the formula just derived. 
This remarkable formula enables us to correct a series 
of equi-lengthed volumes as simply as a single volume. 
Applying it to the example under consideration, suppos- 
ing that the whole material from A to if is to be moved 
to the same point, we obtain for the correction, in cubic 
yards, 

324F 

To obtain the false position of centre of gravity, which 
this formula corrects, assume an axis 50 feet (=^-D) to 
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the left of A. Then multiply first volume by 100, the 
second by 200, the third by 300, etc., each volume by the 
distance of its mid- section from this axis. The quotient 
obtained by dividing the sum of these products by the 
total volume is the distance of the centre of gravity of 
the series from the axis, if the centre of gravity of each 
volume be, indeed, in its mid-section. To this distance 
add the correcting value, if, being careful to obey its 
sign. 

To include the end volume, when the grade line, BFQ 
[page 53], is nearly parallel to the last cross-section, as- 
sume its centre of gravity, as with the other volumes, to 
be half-way between ends, and add its corrective expres- 
sion (A— 0)1>""*, to those in the numerator of the correc- 
tion for whole cutting, the Fin the denominator including 
now the end volume with the rest. But, if the end volume 
be large, and the grade-line much inclined to the centre- 
line, the centres of gravity of the pyramids separately 
must be ascertained. Of the middle one, it is distant 
from the cross-section one-fourth the distance therefrom 
of the middle grade-point, F, The centre of gravity of 
the right pyramid is distant one-half so far as is the mid- 
dle point of the line FO^ J(15+10). The centre of grav- 
ity of the left pyramid is distant, similarly, J(18+15) 
from the cross-section. These are the true points. The 
distance of each from the assumed axis, 50 feet to the left 
of J., is multiplied by the volume of the pyramid, as with 
the other volumes, when finding the false position of cen- 
tre of gravity of the series. But the correction contains 
no expression in the numerator belonging to these, and 
the F of the denominator does not include their vol- 
umes. 

The axis may be assumed anywhere j' 150 feet to the 
left of A, if desirable to clear end volume, or at any sta- 
tion in the cut. In the latter case, distances to the right 
are considered positive, those to the left, negative. The 
resulting distance of the series' centre of gravity is, if 
positive, measured oft to the right, if negative, to the left 
of axis. 

We are also enabled, by this method of finding the cen- 
tre of gravity, to use the graphical process for a quick 
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determination of the false position. (It shall be consid- 
ered that the principles involved, like those of the analytic 
method, are familiar to the competent engineer. ) Through 
the mid-sections draw indefinite vertical lines. Draw also 
an independent vertical line, OFio, J^nd thereupon lay off 
cx)nsecutively distances representing to any scale the 
volumes in their natural order. The first, from zero to 
W^ represents the end volume. From any point, P, draw 
lines to the extremities of these distances. From any 
other point, P, conveniently situated, Jraw the line P' P"' 
parallel to OP: from its point of intersection with the 
vertical of end volume draw a line parallel to WP till it 
intersect the vertical of F, ; and connect this point of in- 
tersection with the vertical of V. by a line parallel to 
FjP. So proceed until the point P" be reached by a line 
parallel to Y^. Finally, from P" <lraw the line PP" 
parallel to the last line, FjqP, until it intersect PP". 
The centre of gravity of the series, depending upon the 
assumed positions of the centres of gravity of the vol- 
umes, is on the vertical through the point of intersection, 
P", of the lines first and last described. Correct by the 
formula, as before. 

Of course, graphical work can never reach the perfec- 
tion of actual computations ; but, if carefully executed, 
it is quite reliable, and is always a valuable check upon 
lengthy calculations. The habit of making dots at the 
intersections should not be formed, but the second line 
should be quickly and lightly drawn across the first, that 
the intersection may be as fine as possible. The figures 
in units' and decimal places of volumes may be neglected 
in laying off the vertical distances on the line V^q. 

It frequently occurs that portions of excessive cuttings 
are transported to spoil-banks near at hand. Often the 
entire top is taken off by scrapers. The accurate final 
estimate does not distinguish between these portions. In 
such a case, determine the average haul, Z, of the whole 
volume, F, as before, as if every cubic yard had been 
transported to the ascertained centre of gravity of fill. 
Let Y' denote the portion carried to spoil-bank, as mejis- 
ured in monthly estimates. Let V be the distance from 
the centre of gravity of F, also determined in monthly 
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estimates, to the centre of gravity of the waste-bank. 
Let V be the distance from centre of gravity of F', to 
centre of gravity of fill, and let V" represent the average 
haul of the portion of cutting, F— F, that was really car- 
ried to the fill. Then 

This is the amount of haulage as first calculated. The 
true amount is 

Subtracting the false from the true, we have for a correc- 
tion. 

This is, naturally, always negative. The true haulage is, 
therefore. 

This is a much simpler method than that of finding the 
centre of gravity of the volume, F— • F, which was actu- 
ally carried to the fill. 

Quite as often it happens that portions of the embank- 
ment are buUt of material from borrow-pits at hand. 
The method of proceeding in this case is a little simpler 
than in the similar case respecting spoil-banks, discussed 
in last paragraph, because the haulage of the cut need 
not be joined with that of the borrow-pit. It is always 
more convenient to consider thejiaulage belonging to 
each piece of excavation, whether borrow-pit or road-bed 
cutting, alone. Knowing the quantity, F', brought to 
the fill from the borrow-pit, and its centre of gravity, 
assume an axis. Let V be the distance of the centre of 
gravity of F' from this axis. Let F represent the entire 
part of fill to which material from the road-bed cutting 
has been carried, and whose centre of gravity has been 
determined as before. Let I denote the distance of this 
point from the axis. Then, Y—V is the portion actually 
hauled from the cut, and its centre of gravity is distant 
from the axis 

lY^VV 



r= 



V--Y* 



Since the centre of gravity of V — V is the terminus of 
the average haul distance of the road-bed cutting, meas- 
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ure off I" from the axis, aud from the point thus deter- 
mined measure the distance to the centre of gravity of 
the cat to obtain the true average haul. 

This can be done graphically too. Suppose, consulting 
the last diagram, the centre of gravity' of the whole por- 
tion of the fill, after applying the correction depending 
on difference of end areas be found to be in the vertical 
through the point P"' / also that the centre of gravity of 
the part received from borrow pit is in the vertical half- 
way between I and J, and that its volume is represented 
by the distance, F^ . . . . F,o, on vertical line, while the 
whole volume is represented by . . . . V^^. Lay off the 
distance OFjo, and from its extremity lay of the distance 
VijV^j upwards, since it is to be subtracted. Connect, as 
before, any point, P, by a straight line with the origin, 
0, by a second line connect P with the end of first dis- 
tance, F,o, and by a third straight line connect P with the 
end of second distance, V^, Next, from any point, P', draw 
a line, parallel to OP, till it intersect the vertical through 
centre of gravity of F, which it does at point P'". From 
this intersection draw a line, P"' P", parallel to the 
second line, F^^ P, till it intersect the vertical through 
centre of gravity of V\ this vertical being in present 
instance midway between I and J. From the last inter- 
section draw a line, parallel to Fg P, till it intersect 
P' P"\ The centre of gravity of F — F is in the vertical 
through the last point of intersection. If the centre of 
gravity of F' be midway between B and 0, F' retaining 
same value, draw P' P"\ as before, from P'" draw 
p// pfff ^lu j^ intersect the vertical between B and O, and 
from the last intersection draw a line, parallel to Fg P, 
till it intersect P' P'". The vertical through this last 
intersection, then, passes through the centre of gravity 
of V-^V. 

The methods e^lained above apply to borrow-pits 
and spoil-banks as well as to road-bed cuts and fills. 

The correcting formula shows that the error varies as 
the difference between end areas, in a series of equi- 
lengthed volumes, and as the square of the distance be- 
tween consecutive cross-sections. Therefore, whatever 
be the distance between sections, the error of the as 
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smnption is nothing when the end areas are eqnal. Like* 
wise, whatever be the difference between end areas^ the 
assunii)tion errs but little when the length of volumes is 
small. By the calculus this length is reduced to dx^ an 
infinitesimal quantity, and we here reach the limit where 
the assumption is correct regardless of end areas. 



The methods, explained above, for determining average 
haul, require that the volumes be calculated singly. 
Since this is the common manner of computing earth- 
work, the processes have been described at some length, 
as they are likely to become useful. When the work has 
been mensurated in series, the average haul is found still 
more simply from the notes of monthly estimates, as in the 
cases already discussed, where parts of banks are carried 
from borrow-pits, and parts of cuts are thrown into 
waste-piles. There is an advantage attending this plan, 
which is, that modifications of average haul for unavoid- 
able deviations from direct route, and by conversion of 
lifts into distances, are noticed at the time of working, 
but are likely to be overlooked in the final estimate. 

So far as quantities are concerned, there is no ne^ 
of calculating volumes singly. Monthly estimates must 
be taken, though accuracy is not required in these. It 
would be extremely unlikely that the end sections of 
volumes excavated monthly would coincide with the 
cross-sections staked out; and it would not always be 
likely that they would be even similar in shape. Whether 
volumes be calculated singly or in series, monthly meas- 
urements must be made, and the volumes excavated 
monthly must be independently calculated. The aggre- 
gated errors of these are discovered by the final estimate. 

Considering average haul, the proposition will be 
granted, that, it the monthly volumes be exactly cal- 
culated and their centres of gravity correctly found, the 
centre of gravity of the series may be accurately de- 
termined by these. Again, it appears at first thought 
evident that such errors, as might occur in monthly 
estimates, though seriously affecting the contents, do 
not affect much the positions of the centres of gravitv. 
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Let us see to what extent this is true. If A be the liist 
end area of a volume, B the last end area, D its length, 
and Fits content, the position of its centre of gravity is 

Suppose D to be 100 ft., and the content 1,000 cu. yds., 
whence F = 27,000 cu. ft. Assume that, on account of 
hasty measurements, an error amounting to one square 
foot has been made in mensurating B, Substituting for 
the symbols in the formula their values, it is found that 
the effect of the error on the centre of gravity is to shift 
it i\^ of a ft. Substituting in the formula aiF for price 
of haul, a being now 1 cent, /, the number of hundred 
feet moved, -oloir, and F, 1,000, the number of cu. yds., 
the difference in price of haulage, occasioned by the 
error, is found to be $0.00308. A difference of 1 sq. ft. 
in the area, B, makes a difference of 50 cu. ft. in the con- 
tent, and this, according to nature of material, makes a 
difference, in price paid for excavation, varying between 
35 cents and $2.00. This exhibits the small effect upon 
average haul price that would be made by the errors in- 
cident to rough measurement. Thus, 10 sq. ft. would 
make an error of 3 cents. 

Furthermore, this small error in price of haul, result- 
ing from the error of 1 sq. ft. in B^ is almost exactly 
balanced by an opposite error, having same cause, in the 
consecutive volume, between B and 0. Let the content 
of the second volume be 1,200 cu. yds. : then must 
exceed A by about 108 sq. ft. Accordingly, the position 
of the centre of gravity of both is 

If the error in B be 1 sq^ft. in excess, the numerator of 
the fraction is not altered, but the denominator becomes 
59,500. Subtracting the distance of the centre of gravity, 
as found with this denominator, from the true, the 
error in distance is found to be 90-5-35,343 ft. I is. 
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therefpre, 9-^-353,430, a is 1 cent, aoci V is 2,200. The 
continued product of these three is the error in price of 
haul, viz. : $0.000062. The error in quantity for the two 
volumes is 100 cu. ft., making an error in excavation 
price varying between 70 cents and $4.00. 

It may be inferred from tbe above example that, in 
any series of equal-lengthed volumes, errors in mid- 
sectional areas produce opposite errors in average haul 
distance, which nearly neutralize each other, leaving 
an exceedingly small remaining error; and /that tho 
errors of end areas produce very small errors in the 
average haul, which also balance nearly, when the errors 
at both ends are in the same direction. Also, since this 
is true of series of equal-lengthed volumes, it is approxi- 
mately true of series of unequal-lengthed volumes. The 
error, resulting from an error in an end area, increases 
nearly as the latter error increases : the error, occasioned 
by an error in a mid-section, increases much more rapidly; 
but, while the errors of mid-sections remain moderate, 
it continues very small. 

There is one more small error incident to series. This 
is in finding the false point of the series by means of the 
assumed centres of gravity of the volumes before apply- 
ing the correction. It is occasioned by using the wrong 
contents obtained by hasty measurements. For instance, 
in example above of two volumes, the false point for the 
series, the erroneous contents being 1,000 cu. yds. plus 
50 cu. ft. for first, and 1,200 cu. yds. plus 50 cu. ft. for 
the second, is distant 104.53782, instead of L04.545454. 
From this, ? = .0000763j a = l cent, F= 2,200, and al F= 
$0.00168. This error varies almost precisely as the error 
in the sectional erea. Thus it would be 1.68 cents for 
an error of 10 sq. ft. When the end- widths are equal, 
it does vary exactly as the error in area. In a series 
these errors also are likely to annul each other. If they 
be proportional to the sectional areas, which is most 
probable, they do not aflfect the position of the centre of 
gravity of tho series. 

It is apparent from the foregoing discussions that 
measurements exact enough for determining quantities 
in monthly estimates are abundantly exact for finding 
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the centre of gravity of the whole catting or embank- 
ment. The centre of gravity of each month's cutting can 
at the time be easily ascertained by assuming it to be 
half-way between ends, and correcting by the difference 
of end areas as measured. When making the final esti- 
mate, simply add the haulage of all the months for erro- 
neous total haulage; divide this by the total content as 
found by monthly estimateSy for the correct average haul. 
Neglect now the erroneous content, and multiply average 
haul by true content, as found by calculation in series, 
t3 find the true total haulage. Proceeding in this way, 
the difference in price of haulage from that determined 
by the other method would probably not exceed one dol- 
lar where many thousand dollars are involved in the 
quantities excavated ; and this difference would often be 
in favor of the truth, when, as before mentioned, modifi- 
cations should be made in haulage distance that could 
not be considered by the other method at all. Moreover, 
using the plan last described, the whole content may be 
computed in one operation, securing thus great brevity 
and accuracy in estimating quantities, where small errors 
are of large account. 



The problem of finding the centres of gravity of parts 
of constructions is a very important one in all branches 
of engineering, since it is as necessary — often more so — to 
know the points of application of natural and artificial 
pressures as it is to know their intensities. As the for- 
mula derived in this chapter is exceedingly simple and 
general, and requires no knowledge of calculus, it may 
be well to indicate briefly the shapes to which it applies, 
and furnish a few examples. By this formula the centres 
of gravity of triangles, trapezoids, parallelograms, para- 
bolHS, the latter when the determination is made in the 
<lii?ection perpendicular to axis, and of all segments of 
these between parallel lines, and of all series of these, 
may be quickly and correctly found. In case of areas, V 
represents total area, A the first ordinate, and O the last. 
Also the centres of gravity of cones, considering one or 
both branches, cylinders, pyramids, prisms, prismoids, 
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spheroids, paraboloids, hyperboloids, all segments and 
series of these, and of all the class of shapes defined in 
italics on page 36, can be quickly and correctly ascer- 
tained. Thus, if h be the height of a cone, r the radius 
of its base, the distance of its centre of gravity from the 
vertex is. 






The centre of gravity of the Y>araboloid, whose height is 
/i, and the radius of whose base is r, is distant from ver- 
tex 

The centre of gravity of a hemispaere, whose radius is r, 
is, measuring from centre of sphere, at a distance 
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art, this important invention meets those requirements in a manner that leaves nothing more to be desired. 

Clergymen, Physicians, Lawyers, Teachers, Musicians, and professional men generally, have here important 
advantages that have long been needed, as Theological, Medical and Law Books, School Books, Music, and miscel- 
laneous publications in general, can now be cheaply bound to last a lifetime, and with any degree of elegance to 
suit individual taste. 

Librarians and officers of Libraries will find unparalleled advantages in the use of this device, as in books 
bound by this process no loose leaves nor breakage can occur ; the books will thus retain a uniform compactness 
until entirely worn out. 

For the binding of newspapers of every description this device is simply incomparable, and its use is 
especially commended to all interested in the binding and preservation of this kind of matter. 

Members of religious communities will find an incalculable benefit in having Bibles, Testaments, Prayer 
Books, Hymn Books, Sunday-School Books, and periodicals, so firmly put together by this plan that they 
cannot be prematurely destroyed by careless use. This feature is particularly commended to the notice of 
societies that issue books for gratuitous distribution, the patent binding preserving an edition until it is 
honestly worn out, thus obviating largely the present incessant demand created by the needless waste that occurs 
when a volume becomes loose in its leaves and covers. 

The patrons of elegant periodicals also are now furnished with the means of giving Art publications a proper 
form for the Library or Drawing Room with readiness, durability, beauty, and economy ; while pictures, pamphlets, 
and miscellaneous publications can by this process be rendered available for practical use. Officers and Teachers of 
schools and higher institutions of learning will secure economy and convenience to an extraordinary degree by the 
adoption of the patent binding on Text-books, and similar matter in use by pupils and students. 

The waste of matter occasioned by the premature breaking of books, and the annoyance and inconvenience ot 
the constant loosening of leaves, especially in the cases of library and school books, is effectually obviated by this 
method of binding. 

By the use of the patent binding, broken and worn school books, and the entire waste text-book material of 
schools can be largely restored to use, at small cost, and to a point of perfection equal to new books in every practical 
requirement, and with a degree of durability in the binding that is five hundred per cent, greater than that obtained 
by any other process of school-book binding. 

This invention has received the unqualified endorsement of the best judges of merit in matters appertaining 
to the book-binding art, and it is already largely in use by leading educational and literary institutions, and 
by book consumers generally. 

Specimens, terms, and full particulars promptly furnished on application. 

Every description of binding executed by the new process in any desired style of finish. 

HOWARD M. HOYT, 

Inventor, Patentee and Proprietor, 
Bindery, Fourth Avenue, corner 82D Street, New York. 



y^s it was necessary to issue the present edition of 

this book before ike former became quite exhausted, a 

few remaining copies of the first edition will be sold at 

half price, viz: 

3n Fine iCloth Binbing, - - 75ct$. 
3n Stout Paper Binbing, - - 50ct$» 

J. W. DAVIS, (School of Mines), 

4gth Street and 4th Ave., J'J, Y. 



There are no paper bound copies m the new 



edition. 
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